
Checklist of Mathematics Formulae 

Lecture 1 – Fundamental Concepts in Quantum Physics 

1. Time-independent Schrödinger equation 

�̂�Ψ = 𝐸Ψ 

For one-dimensional system, 

[−
ℏ2

2𝑚
⋅

d2

d𝑥2
+ 𝑉(𝑥)] Ψ(𝑥) = 𝐸Ψ(𝑥) 

 For three-dimensional system, 

[−
ℏ2

2𝑚
∇2 + 𝑉(𝑥, 𝑦, 𝑧)] Ψ(𝑥, 𝑦, 𝑧) = 𝐸Ψ(𝑥, 𝑦, 𝑧) 

 

2. Time-dependent Schrödinger equation 

𝑖ℏ
𝜕Ψ(𝒓, 𝑡)

𝜕𝑡
= �̂�(𝑡)Ψ(𝒓, t) 

 

3. Normalization of wavefunction 

∫ |Ψ(𝑥)|2d𝑥
+∞

−∞

= ∫ Ψ∗(𝑥)Ψ(𝑥)d𝑥
+∞

−∞

= 1 

For an unnormalized wavefunction Ψ′(𝑥), it can be normalized as 

Ψ(𝑥) =
Ψ′(𝑥)

√∫ |Ψ′(𝑥)|2d𝑥
+∞

−∞

 

 

4. Probability of locating a particle 

Probability density |Ψ(𝑥)|2: the probability to find the particle between 𝑥 and 𝑥 + d𝑥 

is |Ψ(𝑥)|2d𝑥. 

Probability to find a particle between 𝑥1 and 𝑥2: 

𝑃 = ∫ |Ψ(𝑥)|2d𝑥
𝑥2

𝑥1

 

 

5. Eigenequation, eigenfunction and eigenvalue 

For any operator Ω̂, if there exist some values satisfy Ω̂𝜓 = Ω𝜓, 𝜓 is then called 

eigen function of operator Ω̂. 

 

6. Hermiticity 

∫ d𝜏𝜓𝑗
∗Ω̂𝜓𝑖 = (∫ d𝜏𝜓𝑖

∗Ω̂𝜓𝑗)
∗

 

Any eigenvalue of Hermitian operator is a real number. Eigenfunctions of Hermitian 

operator with different eigenvalues are orthogonal. 

 

7. Orthogonality 

∫ d𝜏𝜓𝑖
∗𝜓𝑗 = 0 for 𝑖 ≠ 𝑗. 



8. Expectation value 

〈Ω̂〉 = ∫ d𝜏 𝜓∗Ω̂𝜓 

 

9. Commutator of two operators 

[�̂�, �̂�] = �̂��̂� − �̂��̂� 

Special case: [�̂�, �̂�𝑥] = 𝑖ℏ. The observables are complementary if [�̂�, �̂�] ≠ 0. 

 

10. Heisenberg uncertainty principle 

∆𝐴 ⋅ ∆𝐵 ≥
1

2
|〈[�̂�, �̂�]〉| 

Special case: ∆𝑥 ⋅ ∆𝑝𝑥 ≥ ℏ/2. 

 

Lecture 2 – Translational Motion 

1. Free particle wavefunctions and energies 

𝜓𝑘(𝑥) = 𝐴𝑒𝑖𝑘𝑥 + 𝐵𝑒−𝑖𝑘𝑥 

𝐸𝑘 =
𝑘2ℏ2

2𝑚
 

 

2. Particle in a one-dimensional box 

𝜓𝑛(𝑥) = {√
2

𝐿
sin (

𝑛𝜋

𝐿
𝑥) , 0 ≤ 𝑥 ≤ 𝐿 

0,   𝑥 < 0 and 𝑥 > 𝐿

 

𝐸𝑛 =
ℏ2𝑘2

2𝑚
=

𝑛2𝜋2ℏ2

2𝑚𝐿2
 

Quantum number 𝑛 = 1,2, … 

 

3. Particle in a two-dimensional box 

𝜓𝑛1,𝑛2
(𝑥, 𝑦) = {

2

√𝐿1𝐿2

sin
𝑛1𝜋𝑥

𝐿1
sin

𝑛2𝜋𝑦

𝐿2
,  within 2D box

0,  outside box

 

𝐸𝑛1 ,𝑛2
=

𝑛1
2𝜋2ℏ2

2𝑚𝐿1
2 +

𝑛2
2𝜋2ℏ2

2𝑚𝐿2
2  

Quantum number 𝑛1, 𝑛2 = 1,2,3, …. 

 

4. Particle in a three-dimensional box 

𝜓𝑛1,𝑛2,𝑛3
(𝑥, 𝑦, 𝑧) = {√

8

𝐿1𝐿2𝐿3
sin

𝑛1𝜋𝑥

𝐿1
sin

𝑛2𝜋𝑦

𝐿2
sin

𝑛3𝜋𝑧

𝐿3
,  within 3D box

0,  outside box

 

𝐸𝑛1,𝑛2,𝑛3
=

𝑛1
2𝜋2ℏ2

2𝑚𝐿1
2 +

𝑛2
2𝜋2ℏ2

2𝑚𝐿2
2 +

𝑛3
2𝜋2ℏ2

2𝑚𝐿3
2  

Quantum number 𝑛1, 𝑛2, 𝑛3 = 1,2,3, …. 



 

5. Tunnelling 

Transmission coefficient 

𝑇 = |
𝐴′

𝐴
| = [1 +

(𝑒−𝜅𝐿 − 𝑒𝜅𝐿)2

16𝜖(1 − 𝜖)
]

−1/2

 

• If 𝜖 ≪ 1, i.e. 𝐸 ≪ 𝑉: 𝑇 ≈
4√𝜖(1−𝜖)

𝑒𝜅𝐿−𝑒−𝜅𝐿 ≈ 0. 

• If 𝜅𝐿 ≫ 1, i.e. high, wide barrier: 𝑇 ≈ 4√𝜖(1 − 𝜖)𝑒−𝜅𝐿. 


