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A simple theory is developed and applied to the polarizability (a), second hyperpolarizability (y), 
and the saturation lengths for nine polymeric materials. The theory is based on a valence bond view 
of the ground and excited states and considers the excited states as charge transfer excitons. It 
involves just two parameters which can be extracted from simple molecular orbital calculations 
and/or from experimental values of band gap and bandwidth. For the one system (oligothiophenes) 
with experimental data on saturation length, the predicted behavior of CY and y with polymer length 
is in good agreement with experiment. 

I. INTRODUCTION 

Nonlinear optical (NLO) properties are important in nu- 
merous applications from lasers to optical switches and 
electronics.’ Some of the best NLO properties are displayed 
by organic materials, for example charge-transfer type or- 
ganic molecules where contributions to NLO properties 
come mostly from charge resonance between the donor and 
acceptor.* However, for molecules with a long polyene 
bridge, the bridge can also contribute significantly, leading to 
even better nonlinear optical properties. Thus Marder and 
co-workers3 have shown that crystals of (1) or (2) lead to 
y= 1O-34 esu, 

Although the hyperpolarizability increases with the increas- 
ing length of the polymer bridge, experiments4 indicate that 
the y value saturates (becomes linear in chain length) near 7 
units for oligothiophenes 
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In order to design and optimize such materials, it is of 
interest to predict the NLO properties as a function of donor 
and acceptor, as a function of the nature and length of the 
polymer bridge, and as a function of solvent. 

There have been many recent theoretica15-’ and 
experimental3 studies directed at understanding and optimiz- 
ing the NLO properties of organic compounds. The conven- 
tional methods of calculating hyperpolarizabilities are (i) cal- 
culating the occupied and excited molecular orbitals of 
a molecule and summing over the excited states,’ 
Eqs. (36)-(38); (ii) using finite-fields and taking energy 
differences.*‘-** 

These methods work well for small molecules; however, 
for large and complex molecules, such methods rapidly be- 
come extremely tedious and compute intensive. 

We develop here an alternate approach based on a va- 
lence bond view of the bonding and a charge-transfer-exciton 
view of the excited states. We use the finite-field method to 
get the expression of the polarizability and hyperpolarizabil- 
ity. This method allows very rapid calculations and leads to 
results in good agreement with experiment. With an addi- 
tional approximation, it leads to analytical formulas that pro- 
vide physical insight into the factors determining the magni- 
tude of LY and y and the saturation length. 

II. THE VALENCE-BOND CHARGE-TRANSFER- 
EXCITON (VB-CTE) MODEL OF POLYMER EXCITED 
STATES 

A. The Hamiltonian 

As a prototype we will consider a rigid-chain polymer 
with N monomers (taking N to be odd for convenience). We 
assume that the most important states of the polymer can be 
described with a valence bond (VB) description using only 
the highest-occupied molecular orbital (HOMO) and the 
lowest-unoccupied molecular orbital (LUMO) of each mono- 
mer unit. In the ground state the HOMO is doubly occupied 
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and the LUMO is empty. Now consider the excitation of a 
monomer (site p) near the middle of a long polymer. The 
occupied LUMO may be on the same monomer (leading to a 
covalent excitation energy, AE,), on adjacent monomers 
(sites p + l), or on sites farther away (sites p 52, p 23, etc.). 

We let & denote the many-electron charge-transfer-exciton 
wave function in which an electron at site p is excited to a 
monomer 4 units to the right of p, leaving a hole at site p. 
Considering a fixed site p for the hole, the Hamiltonian ma- 
trix between various $,p4 becomes 

H(o)= 

-t v-2 -t 

-t V-, at 

at 0 -at 

-at V, -t 

-t v* 

0 

0 

-t 

where matrix elements are kept only between adjacent sites. 
The diagonal matrix element V, is the energy required to 

remove an electron from the HOMO of one monomer and 
place it in the LUMO of the monomer 9 units away. It be- 
comes 

V,=(~,,/jY1~~4)=IP-EA-L- 
4qlRo ’ 

where IP is the ionization potential of the monomer, EA is 
the electron affinity of the monomer, R. is the distance be- 
tween the nearest monomer centers, and 4 is the number of 
monomers between the donor and acceptor states (q= + 1, 
22, etc.). 

The transfer matrix elements are (assuming a symmetric 
monomer) 

-t=(&@l4,,,+i> if Iql>l, (6) 

-at=(9$l.Zl&i) if 4= 1, (74 

at=(q5,,-ll.~~,o) if q=- 1, Ob) 

where the opposite sign of the matrix elements for q=t 1 
arises from the antisymmetry between the LUMO and 
HOMO (see Appendix A and Fig. 4). We have ignored the 
covalent excitation at q=O because it does not contribute to 
changes in the dipole moment. 

The evaluation of t and a are discussed in Appendix A 
where we find that for the butadiene unit of thiophene 

t=0.36& (8) 

a=Vq, (9) 

(4) 

where p is the resonance integral between the adjacent sp* 
carbon orbitals. 

B. Dipole moment 

Writing the dipole operator as ,u=C,q,R,, where q1 is 
the charge on monomer 1, the Hamiltonian in an electric field 
Z becomes 

H=H’-/LX. (10) 

In order to examine the polarizability and hyperpolarizabil- 
ity, we need matrix elements of the dipole operators, 

where LY is the component (x, y, or z). Assuming that only 
the component along the polymer axis (say z) is important, 
Eq. (11) becomes 

and the dipole moment matrix becomes 
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P,’ 

I 

0 

-2eRo 

-eRo 
0 

eR0 

0 

.I 
(13) 

For a finite electric field 8, the energy of the ground 
state is 

EO=(OIHO- P. qo>, (14) 
leading to static polarizability and hyperpolarizabilities given 
by 

d2Eo 
azz= -m 7 (15) 

1 d3Eo 
Pzzz=-ydii-3 

iz 

1 d4Eo 
‘yzzzz= -- 6 di?;. 

(16) 

w= 

-t 2eRoZz 

-t 

-t 

eRoZz at 

at 0 -at 
-at - eRokCz 

-t 
0 

The above analysis is for a fixed site p. Summing over 
all p leads to total values approximately N times as large. 

C. Neglect of Coulomb interactions 

Although the Coulomb correction in Eq. (5) may be 
large, we will first consider the simple approximation where 
these terms are ignored, leading to 

VNoQ = V= IP-EA. 4 (18) 

The Hamiltonian in a electric field H= Ho- P -6 can be 
rewritten as H= Ho+ W, where Ho, Eq. (19), is the unper- 
turbed Hamiltonian matrix and W, Eq. (20), is considered as 
the perturbation Hamiltonian matrix, 

Ho= 

--I 

0 

-2eRoSz -t 

0 

V 

V 

0 

V 

V 

(19) 

(20) 

Using perturbation theory” to calculate the energy of the 
ground state leads to (Appendix B) 

8a2e4R~~2 
Yzzzz = V3 G(v), 

4a2e2Rz 7’ where 
ffzz = V A( ~1, (20 

m 

A(v)=C A2iq2’T 
Pzzz=O, (22) i=O 

(23) 

(24) 
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i=O 

and 

(25) 

is the dimensionless energy dominating the saturation length. 
Because the monomers were assumed symmetric in Eqs. (6) 
and (7), the ,L?,,, is zero. 

As shown in Appendix C, t is related to the bandwidth 
(B) by 

B=4t, (27) 
while V is related to the energy gap (Es) by 

E,=V-2t. (28) 
Thus 

B 
4 

q=; c-. 

Eg+; 

(29) 

We find that large t leads to a larger saturation length while 
large V (or band gap) leads to a a smaller saturation length. 
For E,=O, Eq. (29) leads to v= i. Thus the range of ~7 is 
0 to 4. 

Ill. SATURATION LENGTH 

A. Emplrlcal formula for saturation lengths 

As shown in Appendix A, a--\/2, and hence the polyno- 
mials in Eqs. (24) and (25) are functions of only one param- 
eter, l;r=(tlV). Consequently the saturation length is a func- 
tion only of v= (tl V) . The length dependence of LY and y are 
shown for various values of 77 in Fig. 1 (scaled by the limit- 
ing values). We will define the saturation length L, and L, as 
the number of monomers for which LY and 3/, respectively, 
attain 95% of the limiting value. To a good approximation 
we find [Fig. l(b)] that 

L, -1+38 + 

for q=O.l-0.4. Similarly the saturation length for polariz- 
ability is approximated by 

La- 1+20; 

as shown in Fig. l(a). Combining Eqs. (30) and (31) lead to 

L7 - 1.9L,-0.9. (32) 

EL Effects of Coulomb Interaction and frequency of 
electromagnetic fields 

The results in Sec. II C and Sec. III B are approximate 
since the Coulomb interaction in Eq. (5) is ignored. Includ- 

1.2 I I. I , ’ I ’ 
Polarizability (a) a 

0.8 

0.4 

0.0 

I. I. I. I I .I 
0 2 4 6 8 10 12 

Number of monomer units 

1.2 
Hyperpolarizability (r) b 1 

L I I I I I I I I I I I II I I I I I II I I I I 
0 5 10 15 20 25 

Number of monomer units 

FIG. 1. Dependence of saturation behavior on q=t/V, using Eqs. (21) and 
(23) in the NoQ approximation. (a) Polarizability and (b) hyperpolarizabil- 
ity. 

ing the Coulomb interactions between electrons and holes 
[using Eq. (5) instead of Eq. (18)], prevents us from obtain- 
ing analytical results as in Sec. II C. Also for frequency de- 
pendence polarizabilities we again do not get analytical for- 
mulas. 

For the general case we use sum-over-state approach in 
which the polarizability and hyperpolarizability have the 
form 

~ij( -O,W)=21-0,0 
i i 

;cLs-&&, 
n 

(33) 

xc ’ [ 
&&rkg 

m,n t%tg 1 -%)(%*-~I) ’ 
(34) 
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TABLE I. Calculated properties of polyacetylene as a function of polymer 
length, N, using butadiene as the monomer (thus the number of double 
bonds is 2N). Q indicates the use of Eq. (5) witha e=2 and V=2.85 eV, 
whereas NoQ indicates the use of Eq. (18). All cases use zero frequency. 

Excitation 
(a)’ (10ez3 esu) (Y)~ (lO-34 esu) 

N energyb (eV) NoQ Q NoQ Q 
3 2.47 3.20 8.38 3.10 5.56 
5 2.00 8.39 22.83 30.5 1 75.07 
7 1.86 12.98 35.62 84.90 236.01 
9 1.82 16.97 46.61 136.78 385.49 
11 1.81 20.79 57.09 177.73 498.88 
13 1.80 24.58 67.48 212.91 596.08 
15 1.80 28.36 77.87 246.28 688.98 
17 1.80 32.15 88.25 279.23 78 1.02 

“See Ref. 12. 
bThe value of V=2.85 eV was obtained by requiring that Es= 1.80 eV 
for N=m. 

w= $a:,). 
d(r)=krzzzz). 

e4 
=4fG-%;q,%,w3) g I-*;1,2,3 

i 1 

I x c ‘(cd r~p~plpn~~mrfng 
m4.p pg-WhJng -~1-~2mng-~I) 

-= ’ (w 
rim r’ rk ri mg gn ng 

(35) 
mn mg - %) t %g -db,g+~2)’ 

Here, 
(i) g indicates the ground state and C’ indicates that g is 

excluded from the sum. 
(ii) &=r:l-r~g, where ril is the dipole matrix element 

for component i between states 1 and k. 
(iii) o~=Q~~. 

(iv) K( -o,;wi ,w, ,ws) is a numerical factor determined 
by the nature of the NLO process.’ 

tv) z-,I,2,3 denotes the average of all terms generated 
by permuting a,w, ,o,,w,. 

The excitation energies are obtained by diagonalizing the 
Hamiltonian matrix (4), and the dipole matrix elements can 
be obtained by transforming matrix (13) to the eigenstates. 
The resulting values of cy and y are listed in Tables I and II 
for polyacetylene and oligothiophene, respectively. These 
tables show that Coulomb interactions do affect the magni- 
tude of (Y and 7. Thus including Coulomb interactions makes 
aZZ 2 to 3 times larger and makes yLsZZ 2 to 3 times larger. 
However, as shown in Fig. 2, the saturation behavior is 
nearly identical. The reason is that at the point where the 
separation between the electron and hole is approximately 
the saturation length, the Coulomb interaction is much less 
than V, leading to negligible effect on exciton size. 

The frequency also affects the magnitude and saturation 
length for LY and y. When the frequency is near resonance, 
the magnitude and saturation length change significantly. 
Thus from Table II, the magnitude of yZZZZ increases by a 
factor of 10. This is because w= 1.16 eV is near the reso- 
nance frequency of w= 1.4 eV. The saturation length also 
increases by 2 units [Fig. 3(b)]. However for frequencies far 
from resonance, the change in saturation length is negligible 
(Fig. 3), and the change in magnitude is about one order of 
magnitude. 

IV. CALCULATIONS OF THE SATURATION LENGTHS 
FOR OLIGOTHIOPHENES AND POLYACETYLENE 

For oligothiophenes, the saturation length of (Y and 
y with chain length has recently been observed 
experimentally.4 We will use the above theory to predict the 
saturation properties of polyacetylene and oligothiophenes. 

TABLE II. Experimental and theoretical properties of oligothiophenes as a function of polymer length, N. 
Notation is the same as for Table I excepta e=2.5. o=O indicates the static case, whereas w#O indicates finite 
frequency;’ o= 1.95 eV for (cr(-w;w)) and 0=1.16 eV for (ti-2er;w,w,O)). 

Excitation (cr,,(10-23 es”)) ~~~~~~~ 1 O-34 esu)) 
energies (eV) 

Calculation Expta Calculation Expt.b 

NoQ Q Q NoQ Q Q 
N cake Expt. o=o o=o oJ= 1.95 lo=0 w=o w= 1.16 

3 3.52 3.67 1.25 2.71 3.90 1.1 0.76 2.10 5.39 9.9 
5 2.99 3.01 2.82 6.36 10.93 2.6 4.37 12.8 60.3 107 
7 2.84 2.81 4.10 9.35 17.13 6.6 8.76 26.5 188.4 360 
9 2.79 2.78 5.30 12.09 22.45 ... 12.20 37.11 321.8 370 

11 2.77 2.77 6.48 14.78 27.5 1 7.0 15.11 45.98 429.2 460 
13 2.77 ... 7.66 17.46 32.52 ... 17.88 54.43 519.3 ... 
15 2.77 *.* 8.84 20.15 37.53 ... 20.64 62.81 602.5 ... 

‘See Ref. 18. 
bSee Ref. 4. 
‘The value of V-4.09 eV was obtained by requiring that E,=2.77 eV for N=m; t=0.83 eV and a =v‘2 are 
derived in Appendix A. 
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1.2 
- Polarirability (IX), o=O, 
- Polyacetylene 

A------’ 

--- Sum-Q 

0 2 4 6 8 10 12 

Number of monomer units 

1.2 
- Hyperpolarizability ( y) , 
- w=O, Polyacetyiene 

/------b 
0.8 

m 

; 0.4 

B -NLl 

--- Sum-Q 
0.0 

0 2 4 6 8 IO 12 14 16 
Number of monomer units 

FIG. 2. The w=O saturation behavior of polyacetylene for (a) polarizability 
and (b) hyperpolarizability. The dashed line (NoQ) uses sum-over-state 
withour Coulomb interaction (perturbation theory leads to essentially iden- 
tical results). The solid line (Sum-Q) uses sum-over-state with Coulomb 
interaction. 

A. Oligothiophenes, comparison to experiment 

To estimate the NLO properties of oligothiophenes, we 
estimated a and t by ignoring the sulfur and using Hiickel 
theory (MO’s for butadiene in Fig. 4). The analysis in Ap- 
pendix A leads to 

1=0.36/l. (36) 

A fit to the band states of polyacetylene’2 gives 

p=2.4(1.Ot0.7S) eV, (37) 

where S is the bond length alternation (half the difference in 
bond length between double and single bonds). Butadiene 
leads to 2S= ( 1.47 - 1.34) =O. 13 A, and hence we take 

S=O.O65 A. (38) 

With Eqs. (38) and (8), Eq. (37) leads to 

t=0.83 eV. (39) 

We solved for the eigenvalues of Eq. (4) as a function of 
chain length (see Table II) and find that 

V=4.09 eV (40) 

Polarizability (a) a 

I I I I I I I I % I c 5 s 

0 2 4 6 8 IO 12 14 
Number of monomer units 

1.2 
Hyperpolarizability ( y) b 

0.8 - 

0 2 4 6 8 IO 12 14 16 

Number of monomer units 

PK. 3. Effect of frequency on the saturation behavior of oligothiophene. (a) 
Polarizability and (b) hyperpolarizability. The resonance frequency of a is 
2.77 eV (corresponding to dV=O.67) whereas the resonance frequency of y 
is 1.39 eV (corresponding to dV=O.34). 

leads to the experimental energy gap4 (E,=2.77 eV for satu- 
ration). Indeed we obtain an excellent fit with the observed 
transitions for shorter polymers. From Eq. (C6), 

V-EE,+2t (41) 

which would lead to V=2.77+ 1.66=4.43 eV, in reasonable 
agreement with the more exact calculation of 4.09 eV. [In- 
deed Eq. (CS) leads to V=4.09, in excellent agreement.] 
Equations (39) and (40) lead to tlV=0.20, suggesting satu- 
ration lengths of L,=5 monomers and L,=8.6 monomers, 
which are in excellent agreement with the experiment L,-5 
and L,--K4 Using the above parameters and including Cou- 
lomb interactions, leads to the LY and y in Fig. 5 (using 
experimental4 frequencies). The results are in excellent 
agreement with experiment except for N=7. Experimentally 
czlN and ylN for N =7 are greater than the values for larger 
N whereas calculations show that (YIN and ylN increase 
monotonically with N. Consequently we suggest there may 
be an experimental artifact at N=7. 

The w =0 values for (Y and y calculated from formulas 
(24) and (25) and from the sum-over-state (33) and (35) are 
listed for comparison in Table II. The calculated y at w = 1.16 
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iw!! -0.602 0.602 

0.372 -0.372 

ilie -0.372 -0.372 

0.602 
LUMO 

0.602 

0.602 HOMO -0.602 

0.372 0.372 

FIG. 4. The Hiickel molecular orbitals of butadiene. 
Thus &wo=0.602,q +0.372x,-0.372x,-0.602x, 
@‘oMo=0.602~, -0.372x,-0.372x,+0.602x4, where xi are the f:t 
atomic orbitals. 

eV is off from the experiment by 6% for N=ll and by 13% 
for N=9. However the calculated LY at w= 1.95 eV is about 3 
to 4 times the observed values. 

B. Polyacetylene 

Next we consider the case of a simple trans polyene 
(polyacetylene). Using butadiene as the monomer leads to 

t=Q.83 eV, 

a=vT, 

just as for oligothiophenes. 

(42) 

(43) 

We solved for the eigenvalues of matrix (4) as a function 
of chain length and chose 

V=2.85 eV, (44 
so that excitation energy for large N equals the experimental 
band gap, E,= 1.8 eV. In comparison, use of Eq. (41) with 
the observed gap leads to V=3.47 eV while use of Eq. (C9) 
from Appendix C leads to V=2.88, in excellent agreement 
with Eq. (44). 

Equations (42) and (44) lead to tlV=0.29 which from 
Eqs. (30) and (31) suggest L,e6.8 and L,,=12 butadiene 
units (13.6 and 24 ethylene units), respectively. That means 
that saturation length of a is about 28 carbon atoms and the 

1.6 
Polarizability (a(-o;o)), 0=1.95eV, a 
Oligothiophenes 

1.4 ,A-.... 

; ~:-..;~~ 

I I 1 I I 1 
0 2 4 6 6 IO 12 

Number of monomer units 

- Hyperpolarizability ( r(-ZO;O,O,O)), b 
1.2 - o=l.l6eV, Oligothiophenes 

f 5 0.8 - 

i 0.4 - 
8 - Sum-Q 

- - - - - - 0.0 - Experiment 

I I I I I I I I I I I I I I f 
0 2 4 6 8 IO 12 14 16 

Number of units 

PIG. 5. Comparison of theory and experiment (Ref. 4) for the saturation 
behavior of oligothiophenes. (a) Polarizability (o= 1.95 eV) and (b) hyper- 
polarizability (w=1.16 eV). The dashed line connects experimental data 
(with error bars). The solid line connects theoretical predictions based on 
sum-over-states with Coulomb interactions. 

saturation length for y is about 48 carbon atoms. This result 
is in agreement with other theoretical results (21 double 
bonds for $.I4 The saturation length for y of oligothiophenes 
is 16 double bonds, considerably shorter than that of poly- 
acetylene. This results primarily from the higher value of V 
(and hence higher band gap) arising from the sulfur in olig- 
othiophenes. 

V. DISCUSSION 

A. Comparison with experiment 

Considering the simplicity of this VB-CTE model, the 
predicted results are excellent. Important approximations are 
the following: 

(i) This model is derived for the long chain limit and 
should not hold for short chain lengths. 

(ii) The hole is assumed fixed. 
(iii) For nearest neighbor interactions, the expressions 

for Coulomb interaction should be corrected for 
shielding. 

(iv) The covalent (same site) exciton is neglected. 
(v) The correlation between electron-hole pairs is ne- 

glected. 
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TABLE III. Predicted saturated values polarizability (a), hyperpolarizability (7). and saturation lengths (L, Jr) of polymers. Based on Eqs. (21) and (23) 
with o=O. 

Ei ad,=/ N d*c IN YLLZL 
Polymer Monomef ( fi) W (eG, (e7) I] LC, .L: 23 (lo- esu) ( 1O-34 esu) 

Polydiacetylene (acetylenic) 
; 

3.9 2.1 1.0 4.1 0.24 5.8 10.1 2.41 11.30 
Polyparaphenylene [twisted (22’)] 3.5 3.4 0.9 5.1 0.17 4.4 7.5 1.13 2.54 
Polyparaphenylene vinylene C 2.8 3 0.7 4.4 0.16 4.2 7.1 2.49 15.93 
Polypyrrole d 3.8 3.2 0.95 5.1 0.19 4.8 8.2 1.13 2.55 
Polythiophene vinylene 

; 
2.5 2.2 0.6 3.4 0.18 4.6 7.8 3.88 44.90 

Polyvinylene sulfide 3.3 3.3a 0.8 5.0 0.16 4.2 7.1 0.40 0.51 
Polymethineimine 8 2.7 5.4a 0.7 6.8 0.10 3.0 4.8 0.083 0.020 
Polybenzothiophene h 1.3 3.1a 0.3 3.8 0.08 2.6 4.0 1.09 3.45 
Oliothiophenes i . . . 2.77 0.83h 4.09 0.20 5.0 9.0 1.77 6.87 
Polyacetylene (trans) i . . . 1.8 0.83h 2.85 0.29 6.8’ 12.0’ 5.65 82.06 

Calculated values from Ref. 15. 
bExperimental values from Ref. 15. 
‘Calculated using Eqs. (30) or (31). 
“Using n =vZ. 
‘Values at saturation using Rqs. (21) and (23) and w=O. An approximate correction for finite frequency is to multiply a(--~,@) by E,/(E,- o) and to multiply 
+-3w:o.o.o) by E~/(E,-o)(E,-2w)(E,-3w). 

‘See 6. Fig. 
Wsing Eqs. (27) and (28) unless otherwise noted. 
‘Derived in text rather than from B. 
‘The entries in the table are in terms of butadiene monomers. The number of double bonds is 14 for LY and 24 for y. 

B. Predictions for other materials, design 
considerations 

The analytical results (21)-(29) (obtained for a static 
external field with neglect of Coulomb interactions), indicate 
that the magnitudes of Q and y for this class of polymers, are 
determined by two parameters, t, the monomer hopping ma- 
trix element (one quarter the bandwidth, B), and V, the ex- 
citon excitation energy (= E, + 2 t= E, + B/2). In addition 
the monomer length R, plays an obvious role. The factor 
ad? is nearly constant and hence has little effect. The sim- 
plicity of this model plus the relation of the theoretical quan- 
tities (t, V) to spectroscopic observables (E, ,B) should 
make these relations useful in providing insights for design- 
ing and developing new materials. 

The saturation length depends only on one parameter, 
v=t/V. Inclusion of Coulomb interactions and finite fre- 
quency (far from resonance) leads to little change in the satu- 
ration length. These results lead to the simple empirical for- 
mulas (30) and (31) relating saturation length to v. Thus to 
design new materials with longer saturation length and with 
larger magnitudes for CY and 3: one should increase t and/or 
decrease V. 

To predict (Y and y for other materials we need only 
estimate t and V and substitute into Eqs. (21) and (23). The 
value of t can be estimated from the conduction bandwidth 
(27). B -4t. Given t, the value for V can be estimated from 
the energy gap Eq. (28), V= E, + 2t. These values of B and 
E, can be obtained either from experiment or theory. To 
illustrate the use of this approach we predict in Table III the 
values of LY, y, and the saturation lengths (L,,L,) for a 
number of polymers (see Fig. 6) based on published values 
of the bandwidth and band gap. 

C. Comparisons to other theory 

The hyperpolarizability of polymers has been studied in 
a number of previous papers. 

Flytzanis et al.” used the one-electron tight-binding 
method (extended Hiickel) to get band structures of infinite 
conjugated polymers as a function of the nearest neighbor 
hopping integral /3i and p2 (for two different bond dis- 
tances). When pi+&, this leads to two bands of states, one 
occupied and one empty. They considered properties as a 
function of the bond alternation parameters 

a Polydiacetylene(Acetyleneic) b Polyparaphenylene 

R 

+;/) 

R 
-D-l- 0 

Polyparaphenylene vinylene d Polyprrole 

Polythiophene vinylene f Polyvinylwe sulfide 

g Polymethineimine h Polybenzothiophene 

i Polyacetylene (trans) j Polythiophene 

CH 
/ CH\CH,CH 

FIG. 6. Repeating units for polymers of Table III. 
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and used the sum-over-state method to get an expression for 
the hyperpolarizability of the infinite chain in terms of N,. 
They showed that the hyperpolarizability is quite sensitive to 
bond alternation, y--N:. Such calculations do not include the 
Coulomb interactions. They did not relate these results to the 
properties of finite chains and did not discuss the saturation 
as a function of length. 

electron-hole, electron-electron, and hole-hole pairs and is 
much simpler than a standard sum over molecular orbital 
states approach. They predicted the saturation length of y for 
polyacetylene is about 21 double bonds which agrees with 
our calculation (24 double bonds). VB-CTE further simpli- 
fies the calculation by considering only the electron-hole 
pairs (excitons) since the electron-electron and hole-hole 
pairs are much higher in energy. 

Garito and co-workers” analyzed the results of exten- 
sive configuration interactions (all single and double excita- 
tions) based on CNDO/S semiempirical molecular orbitals. 
These calculations were carried out on polyenes up to C,sH,, 
(9 double bonds). They showed that y is dominated by tran- 
sitions such as 1 ‘A,+1 'B,+5 ‘A,+1 'B,--+l 'A, and 
1 ‘A,+1 ‘B,+ 1 'Ag+ 1 'B,-+l 'A, (for hexatriene). 
These correspond to the strong n to rr* charge transfer ex- 
citation (1 *B,) and to a valence-bond-like excited state 
(5 ‘A,), which in the molecular orbital framework involves a 
large number of double excitations. They found that 
yXX+x(-3w,w,w,o) is proportional to L3.5 up to 9 double 
bonds with no indication of saturation. Because of cost it was 
not possible to go beyond 9 double bonds to examine the 
saturation behavior. They assumed that y will saturate at 50- 
100 A, which is in good agreement with our result (24 
double bonds, 48 carbons or 58 A, see Table III). The charge 
transfer excitations (1 ‘B,) are explicitly included in our 
treatment. The VB excited state (5 ‘A,) is included in a full 
VB description but is only approximately accounted for in 
our treatment. 

VI. SUMMARY 

By focusing solely on electron-hole pairs, we con- 
structed a simple Hamiltonian for a conjugated polymer 
chain and solved for the properties using perturbation theory. 
Analytical formulas are derived for a and y in terms of just 
two parameters, V and t, plus the overall monomer length, 
Ro. These formulas predict the experimental values of LY and 
y within an order of a magnitude and show that LY and y can 
be increased by (i) decreasing the cost of creating an exciton 
(V) and (ii) once it is created by increasing the energy gain 
(t) of delocalizing it over many repeat units. 

We find that the saturation length is determined by only 
single parameter, the ratio of r (the hopping matrix element 
between nearest monomers) and V (the exciton excitation 
energy). These two parameters are obtained easily from ex- 
periment or theory. In addition we obtained the simple em- 
pirical formulas (30) and (31) for predicting saturation 
lengths. These results should be valuable for designing new 
materials and for interpreting experiments. 

Dupuis and co-workers2’ calculated the static polariz- 
ability and second hyperpolarizability tensors of the polyenes 
C,H, to C,,H,, via ab initio coupled-perturbed Hartree- 
Fock theory. They discussed the chain length dependence of 
the properties. They did not find saturation; however, based 
on the decreasing chain length dependence, they suggested 
that ff,,f* and ~~~~~ lN should eventually approach asymp- 

APPENDIX A: EVALUATION OF MATRIX ELEMENTS 

To illustrate the evaluation of Eqs. (8) and (9), consider 
the butadiene monomer (Fig. 4), where 

4 

@,LUMo=x C~Mo#=0.602~~-0.372~; 
i=l 

totic values. 
Previous calculations of saturation lengths include 

Beratan et al.’ for polyenes and Bredas ef ~1.~ for oligoth- 
iophenes. Beratan used a tight-binding method to calculate 
the length dependence of the second hyperpolarizability for 
polyene. The hyperpolarizability increased rapidly for small 
N and then, after about lo-15 C2 repeating units (20-30 
carbons), approaches an asymptotic value. (We find satura- 
tion for 12 C, repeating units or 48 carbons.) Bredas used the 
one-electron tight-binding method with a sum-over-states 
formalism for oligothiophene chains. They predicted that the 
saturation length is about 50 carbons (25 monomers) which 
is much larger than experiment (14 carbons, 7 monomers) 
and our calculation (17 carbons, 8.6 monomers). 

-0.372,1$+0.602,x$, (Al) 

0 pHoMO,i C~Mo~$'=0.602~$'+0.372~; 
i=l 

-0.372x<-0.602x$, 642) 

and d are the four atomic orbitals on monomer p. 
For electron hops this leads to 

-t=(~,,I~~,,,+1)=(e,“0Moe,““,~~~6,”oMoe,””,~~,) 

=(~,“yv4~,“~~3 

Another recent approach to predicting NLO properties is 
by Mukamel and co-workers’4 who studied polyacetylene 
chains without donor-acceptor groups. They used the 
Pariser-Parr-Pople (PPP) Hamiltonian and solved the equa- 
tions of motion for pairs of electrons and holes by assuming 
pairs of different types are decoupled. This approach de- 
scribes the NLO properties in terms of the motion of 

=(0.602~&~h~0.602~$'+~) 

=-0.36p, 
where p is the resonance integral between two adjacent sp2 
carbon centers. Thus Eq. (6) becomes 

t=0.36P. (‘43) 
For excitation to adjacent sites we obtain 
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(010;2)=-; T (jlo;l)*, (B3c) 
I 

Similarly 

(4,0wl&L-‘>=fl~. 
Thus Eq. (7) leads to 

(40;2)= -c “lyfg;” 
i 

- wwwlwlo> (lzo) 
(El--E0)2 ’ 

, n-l 

ON 

a=VT. (A4) 
More generally we can write the coefficient of the outer 

orbital on BUM0 as C, and on foMo as C,, to obtain 

t = c;p, L45) 

(OIO;n)= -3 c c (jlW)(jlW- v>. 
v=* j 

(ZlO;n)= -c (4WjXlo;n- 1) 
j Ei-Eo 

We) 

at = v?CIChP. 

ThUS 

fiCh 
a=- 

Cl . 

If C,= C, , then 

a=vT. 

n-1 A,(ZlO;n- v) 
+C 

Ei-Eo 
(Z#O). tB3f) 

V=l 

(*@ Substituting Eqs. (Bl), (B2), and (B3) into Eqs. (19)-(20) 
leads to16 

4a2e2Ri v2 m 
“22 = 

V C A2iV2i, (B4) 
A simple approximation is C1= l/dM and C,,== l/dM, where 
M is the number of atoms (M =4 for butadiene) so that 

7 
i=O 

I%=0 (B5) 
a-v?. 

Even if C,=2C, we obtain a=0.5d. 
(A7) 

8a2e4Ri v2 m 
Ymz = V3 C G2iT2it 

i=O 
036) 

APPENDIX B: APPLICATION OF PERTURBATION 
THEORY 

where 

Using Eq. (23), the ground state energy E” can be de- v=;, (B7) 
composed as follows: I1 

E”=g hi, 

Ao=l, 

031) A2= 11 -8a2=-5, 
i=O 

where 

Ao=Eo, 

A,=(OlWlO), 

A4=8O-144u2+60a4w32, 
038) 

@W 
A6=490- 1 488a2+ 1 456a4-448a6=-396, 

Wb) 
As=2 730- 1 194a2+ 19 260a4- 13 440a6+3 360~’ 

-6 608, 
0324 Alo= 14 322-82 776a2+ 189 816a4-214 720~~ 

A3= c (OlWXjlO;2)~ 
j#O 

+ 118 800a8-25 344a”=- 19 934, 
0324 

Go=l, 

n-2 

An= c (01 WNIO ;n- l)- c A,(OIO;n- v). 
G2=57- 18a2=21, 

j+O v=2 G4= 1 170- 1 104a2+224a4=- 142, 

Here we use the notation 
WeI G6= 15 403-27 390a2+ 14 760a4-2 400a6m463, 

039) 
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Gs= 157 564-433 488a2+420 816a4- 168 960a6 

$23 760a8=2 332, 

Glo=l 368 796-5 233 928a2+7 684 768a4 

-5 372 640a6+1 777 776a*-224 224a” 

a-71 860, 

G12= 10 602 592-52 717 056a2+ 106 140 480~~ 

-110 176 640a6+61 850 880~~ 

- 17 75 1 552a”+2 050 048~‘~= 1 084 778. 

In each case we have substituted a=vZ 
The above coefficients are for long chains. If the chain 

length is small, the coefficients are different. For perturbation 
theory in which the V,, are not constant, we find that the 
expressions for Ao, Go are just functions oft, VI, the expres- 
sions for A,, G2 are functions of t,V, ,V2, the expressions 
for A4 ,G4 are functions of t, V, , V2, V3, etc. When the order 
of expansion increase, the coefficients in the Hamiltonian 
matrix involved in the expression expand gradually along the 
diagonal. Thus we can consider that A0 ,Go are contributions 
from charge transfer to the nearest neighbor site, A, ,G2 are 
contributions from charge transfer to the second nearest 
neighbor sites, etc. The convergence length of the polyno- 
mial should correspond to the saturation length. In order to 
get the accurate values of n,, , yZZZZ from the polynomial, we 
must calculate to the N terms where 2N is the saturation 
length. 

APPENDIX C: THE EVALUATION OF t AND V 

We can estimate the values oft and V from the band gap 
and the conduction bandwidth. The eigenvalues E of the 
Hamiltonian matrix (4) satisfy the difference equation 

-tb,-,+(V,-E)b.-tb,+,=O. 0) 

When n is large, V, approaches the constant value IP-EA. In 
this case Eq. (Cl) becomes a homogeneous linear difference 
equationI with the solutions 

b,=C1X;+C2X;, c.3) 

where Xl and X2 are solutions of 

-tX2+(V-E)X-t=O, (C3) 

V-E A=- + 
2t - (C4) 

This leads to complex conjugate roots (oscillating b,) when 

IV- E1<2t. (C5) 

These states Eq. (C5) correspond to the conduction states, 
leading to a bandwidth for the conduction band of 

B=4t. (C6) 

The upper bound of the conduction band is V+ 2 t and 
the lower bound is V- 2t. For small n, V, is smaller than V 
which will decrease the lower bound, V-2t. Coupling be- 
tween the ground state and excited states decreases the 
ground state energy by about -(2a2t2/V). From the full 
calculation [diagonalizing Eq. (4)], we can write the band 
gap approximately as 

a2t2 
E,-V-2HV (C7) 

or more simply 

E,= V-2t. 

Solving Eq. (C7) for V leads to 

(W 

V=(; E,+t)+ Ji; Eg+t)‘-a2t2. 
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