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Charge distribution along a micrometer-long carbon nanotube subject to an external applied electric field at
different temperatures is determined via a quantum mechanical method. Corresponding emission current is
evaluated via the Wentzel-Kramere-Brillouin approximation. For a capped micrometer-long �5,5� nanotube, an
external field of 10 V/�m or above is required to produce the measurable current. Because of the overwhelm-
ing effects of the accumulation charges of the tip, the temperature alone has small effects on the field emission
that can be observed in the experiments, and the strong self-heating effects are thus attributed mainly to the
induced structural changes of carbon nanotubes.
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I. INTRODUCTION

Research on field-emitting carbon nanotubes �CNTs� has
attracted much attention ever since de Heer et al.’s first ob-
servation in 1995.1 Because of their high aspect ratio as well
as mechanical and chemical stability, CNTs are regarded as
potential materials for field emitters. It has been demon-
strated that field emission from CNTs has low threshold volt-
age and high current density. For instance, the turn-on field
of the CNT films can be as low as 5 V/�m, and CNT films
can produce current density up to a few A/cm2 under an
external field below 10 V/�m.2,3 Thus the field emission of
CNTs has been widely investigated in the experiments.4–7 It
has been found that the emission current is saturated at
higher applied voltages,8–10 and the defects on the tube body
may affect the stability of the emission process.

Recently self-heating of CNTs during the field emission
was observed, and the temperature can be heated up to
2000 K at the tips. The self-heating was attributed to the
structure changes,11–13 and was observed to have significant
influence on the field emission.14 Two questions thus arise.
�1� How does the self-heating induce the structural changes
and how do to the structure changes affect the field emis-
sion? Several theoretical works have been carried out to in-
vestigate the mechanism of self-heating and subsequent field
emission modification. �2� How does the temperature alone
affect the thermal distribution of electrons and thus results in
the change of field emission current? Our work focuses on
the second question. In our calculation, the structure of the
tip is fixed during the calculations.

Two types of theoretical methods have been employed to
simulate the field emission from CNTs. One is based on the
dynamic field emission model, where the time-dependent
Schrödinger equation is solved to simulate directly the emis-
sion process.15 This type of method is expected to be accu-
rate but rather time consuming. The other is based on the
static field emission model.16–21 The induced charge distribu-
tion under the external field is calculated upon the assump-
tion that the field-emitting CNT is in quasi-equilibrium with
the cathode substrate. The potential barrier for emission is

subsequently determined and the emission current is esti-
mated by the Wentzel-Kramere-Brillouin �WKB� approxima-
tion. We adopt the latter method in our present work.

Density functional theory calculations have been em-
ployed to investigate the field emission from CNTs. The ba-
sic model used is a short CNT saturated by hydrogen atoms
or a fullerene-based cap at its end under an applied external
field. Limited by computational efficiency and resources,
only a few nm in length of CNT tip is considered
explicitly.16–20 An underlying assumption is that the external
field can be scaled to reproduce the correct local electrostatic
field around the tube tip. However, it is doubtful whether the
shortened tubes can mimic the realistic experiments.21 There-
fore, it is desirable to include the entire tube in the simula-
tion. This has been achieved by a hybrid quantum-
mechanics/molecular-mechanics �QM/MM� approach
developed by Zheng et al.22

II. METHODOLOGY

A. Basic model

To simulate field emission from CNTs, a 1-�m-long �5,5�
capped single-walled carbon nanotube �SWNT� is taken as
the model system in our calculation, which contains more
than 105 carbon atoms. The experimental setup is illustrated
in Fig. 1. The hybrid QM/MM approach, which is widely
employed in the research of the biological systems, is
adopted to simulate the entire tube.23 The tip region contain-
ing a few thousand atoms is simulated via an explicit QM
method while the rest is treated by a MM method. The inter-
action between the QM and MM parts is dominated by the
electrostatic component. In our work, about 4000 atoms near
the tip of the SWNT are assigned as the QM part and all
other carbon atoms constitute the MM part. As Fig. 1 shows,
the SWNT is connected to a metal cathode, and the joint
system �the SWNT and the cathode� can be regarded as in
quasi-equilibrium before the electrons emit or when the
emission is not very strong. Therefore, the chemical potential
or Fermi level should be a constant throughout the joint sys-
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tem, and is equal to that of the bulk cathode. Due to the
presence of the external field, excess electrons are injected
from the cathode to the SWNT, leaving an equal amount of
positive charges on the metal cathode surface. To satisfy the
boundary condition, mirror images of the induced electrons
along the entire SWNT are introduced as depicted in Fig. 1
and their electrostatic potential on the tube is taken into ac-
count. Note the point A indicates the very tip of the tube.

In our simulation, the divide-and-conquer method24 was
employed to calculate the charge distribution in the QM re-
gion, and the modified neglect of diatomic overlap
approximation25 was adopted for the QM calculation. The
induced charge distribution in the MM region was deter-
mined based on the Thomas-Fermi theory. The energies of
the local orbitals are lowered upon the application of the
external field. Some of them are lowered below the Fermi
level, and are occupied subsequently by the induced elec-
trons from the cathode. The number of these local orbitals is
proportional to the potential energy shift �V. This is because
the density of states nears the Fermi level is approximately
constant, which has been validated by theoretical
calculations26 and experiments.27 Combined with the Pois-
son’s equation �2�V�z��n�z�, the induced charge density �or
excess charge per unit length� along the tube can be ex-
pressed as

��z�� = ��L�
sinh�z�/��
sinh�L/��

, �1�

where � represents the characteristic decay length and ��L�
is the linear induced charge density at z=L where is the
intersection of the simulation of the induced charge and the
induced charge density from the calculation of the QM
method. To simplify the calculation, the intersection limit L
is set to 100 Å from the tip point A. The decay length and
��L� are to be determined by extrapolating the calculated

charge distribution in the QM region. For T=298 K and the
applied field equals V/�m, the decay length � and ��L� are
0.44 �m and 0.46 e/Å3. The QM region is in turn affected
by the electrostatic potential field from the MM region.
These procedures are repeated iteratively until ��L� and �
both converged. To ensure the computational accuracy, it was
found that at least 2000 atoms should be contained in the
QM region. In our calculation, a QM region having 4000
atoms is chosen. In the calculation of the electrostatic inter-
action between each subsystem and the environment, the ef-
fect of the QM part takes the charges of the atoms in last
iteration and that of the MM part takes the simulation results.

B. Temperature effect

Due to the quasi-equilibrium approximation, the popula-
tion of the conduction electrons on the metallic SWNT sat-
isfies the Fermi-Dirac distribution. The traditional WKB
approximation28 gives the transmission coefficient D of the
free electron gas as follows �Fig. 2�:

D�F,W� = �1 + exp�− 2i�−1�
x1

x2

p�x�dx��−1

. �2�

And the transmission coefficient can be further simplified as

D�F,W� = �1 + exp�− 2i�−1�
x1

x2 �2m�W − V�x�dx��−1

,

�3�

where F is the applied external field, W is the total energy of
the free electron; P is the momentum of the electron; V�x� is

FIG. 1. The model of field emission from a SWNT. The gray
part is the mirror of the nanotube, the potential of the cathode plane
is set as zero. Negative induced charge accumulates on the surface
of the nanotube. The zero of the coordinates of z axis is set at the
cathode plane and the zero of the x axis is the central axis of the
nanotube.

FIG. 2. The model of the classical field emission. The horizontal
axis is the distance from the emitter surface. The region where x is
less than 0 means the inner part of the metal emitter and that where
x is larger than 0 means the outer part. The vertical axis is the
potential barrier. The zero potential is set as the vacuum level. � is
the work function of the emitters. V�x� is the potential barrier near
the emitter. EF is the Fermi level. EB is the binding energy of the
emitter. E is the total energy of the electrons. Vmax is the maximum
point of the barrier potential curve and x1, x2 are the coordinates of
the point V�x� equals E.
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the potential for an incoming electron; and x1 ,x2 are the co-
ordinates of the point V�x� equals W. To keep D as a real
number, the current density J needs to be evaluated sepa-
rately on intervals W�Vmax and W	Vmax. Here Vmax repre-
sents the potential barrier peak near the tip region. If the
electronic energy W is larger than Vmax, the value of the
transmission coefficient should be exactly unity. The overall
emission current density is thus expressed as the product of
the incoming electron flux density and the transmission co-
efficients, i.e.

J =
4
emkT

�3 �
−�

Vmax

ln�1 + exp�−
W − EF

kT
��

�exp�−
2m

�2 �
x1

x2 �V�x� − Wdx�dW

�+
4
emkT

�3 �
Vmax

�

ln�1 + exp�−
W − EF

kT
��dW , �4�

where the Fermi level EF is set to −4.5 eV, which is the

Fermi level of bulk tungsten. The current is calculated the
current density of the transverse different points at the tip
with the WKB model and then these values are averaged to
obtain the total emission current.

III. RESULTS AND DISCUSSION

To analyze the pure temperature effect on the field emis-
sion of CNTs, simulations have been carried out for six dif-
ferent temperatures ranging from 298 to 1500 K and four
different applied fields �2.5–10 V/�m�. The charge and po-
tential distributions are obtained for each combination of the
applied field and temperature. Figure 3 depicts the potential
barrier along the tube axis�X=0,Y =0� in the vicinity of the
tip under the external fields of 2.5–10 V/�m. To make the
results more clear, four of six temperatures are selected at
each field: 298 K �dash-dot line�, 750 K �dotted line�,
1250 K �dashed line� and 1500 K �solid line�. The induced
charge distribution along the entire tube at different tempera-
tures is plotted in the insets. Figures 3�a�, 3�b�, 3�c�, and 3�d�

FIG. 3. �Color online� Induced charge density and electrostatic potential along the surface for the �5,5� CNT. �a� Eappl=10 V/�m; �b�
Eappl=7.5 V/�m; �c� Eappl=5 V/�m; �d� Eappl=2.5 V/�m. The horizontal axis is the coordinate from the cathode plane. The vertical axis
is the potential barrier. Data are extracted along the central axis of the carbon nanotube. The potential curve is 298 K �dash-dot line�, 750 K
�dotted line�, 1250 K �dashed line� and 1500 K �solid line�. A is the valley point and B is the peak point of the potential barrier. The insets
are the induced charge density along the axis. The horizontal axis is the coordinate from the cathode plane. The vertical axis is the induced
charge density �e /Å3�. All charge densities in �a� and �b� are in units of electron/Å3.
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show the calculated results for Eappl=10.0, 7.5, 5.0 and
2.5 V/�m, respectively. The point A represents the end of
the tip where z=100 90.0 Å. This is also the point where the
potential barrier is the minimum. The induced charge density
along the entire tube is shown in the insets. The potential
barrier is clearly lowered compared to the work function of
the joint system, which implies the existence of strong field
penetrations at the tip. From 298 to 1500 K, the maximum
variation of the potential barrier is less than 0.1 eV in the tip
region under the external field 10 V/�m, which means that
the temperature has little effect on the strong applied field. At
the external field 7.5 V/�m, the maximum variation of the
potential barrier is less than 0.3 eV. As the field is lowered to
5.0 and 2.5 V/�m, the potential barrier has significant shift
as temperature varies from 298 to 1500 K. Maximum varia-
tions of 0.6 and 1.0 eV for the potential barrier are observed.
The insets of Figs. 3�c� and 3�d� indicate that the induced
charge distribution varies along the tube as the temperature
changes for the low external field. While the insets of Figs.
3�a� and 3�b� show that the induced charge distribution var-
ies little as the temperature changes for the strong applied
fields. Figure 4 shows clearly the lowering of the potential
barrier, which is the potential at B �the highest potential bar-
rier in the tip region� versus the Fermi level, with respect to
the increasing temperature for various applied external fields.
The rate of the potential barrier change with respect to the
temperature is larger at lower fields. To investigate the ef-
fects for the potential barrier of the whole tube, Figs.
5�a�–5�d� show the potential energy contour plots for two
temperatures: 298 and 1500 K for four different fields Eappl
=10 V/�m to Eappl=2.5 V/�m, respectively. The change in
potential field distribution with respect to the temperature
can be identified by comparing different panels. More
changes are found at the low fields than high fields. The
largest change of the potential barrier with temperature is no
larger than 0.1 eV. That indicates most of the changes gath-
ered at the tip region.

With the knowledge of the local electric field distribution,
the emitting current intensity and the local field can be cal-
culated via Eq. �4� and the results are shown in Table I. In the
table, Eappl stands for the applied external field and Eloc is the
average local field intensity with respect to the increasing
temperature, which is calculated by the derivate of potential
barrier along the tube axis near the tip region. The average
size is 5 Å from the tip point. As Table I shows, the emission

current increases less than twice from 298 to 1500 K for
Eappl=10 V/�m, which indicates that the current intensity
depends slightly on the temperature when the applied field is
as high as 10 V/�m. This is because the strong applied field
induces an excessive amount electrons in the tip region,
which leads to the strong local field that overwhelms the
temperature effects. The magnitude of the current intensity
shrinks drastically as Eappl decreases, while at the same time,
the influence of temperature on the current intensity becomes
more and more significant. For instance, the current intensity
at 1500 K is about 4, more than 20, more than ten thousand
times of its value at 298 K for Eappl=7.5, 5.0, and
2.5 V/�m, respectively. The changes of the potential barrier
have obvious influence on the emission current. Note that
from Table I the local field intensity at the tip changes little
as the temperature varies under a fixed applied field. This
phenomenon is due to the fact that the induced charge distri-
bution at the tip region varies little as the temperature
changes.

The results obtained above can be interpreted based on
the quasi-equilibrium approximation. Upon this approxima-
tion, the Fermi level of the electrons on the SWNT equals the

TABLE I. Local field of the central axis �Eloc� and current intensity �I� for the �5,5� CNT at four fields.

T /K 10 7.5 5 2.5

Eloc

�106 V/cm�
I

�10−9 A�
Eloc

�106/cm�
I

�10−18 A�
Eloc

�106 V/cm�
I

�10−41 A�
Eloc

�106 V/cm�
I

�10−87 A�

298 36.61 4.92 21.21 2.15 9.05 6.48 4.31 9.67

500 36.62 5.22 21.25 2.82 9.09 13.71 4.37 36.53

750 36.77 5.61 21.37 3.71 9.00 24.84 4.30 171.55

1000 37.46 6.18 20.95 5.13 9.00 47.70 4.36 1038.76

1250 37.26 6.81 21.53 6.49 9.08 87.58 4.30 11512.72

1500 37.05 7.68 21.43 8.38 9.21 170.27 4.33 15672.18

FIG. 4. �Color online� Potential barrier above Fermi level under
different applied fields �V/�m�. The horizontal axis is the different
temperature. The vertical axis is the relative potential barrier �eV�
of the surface. The value equals the minus of the potential barrier of
the peak point �B� and Fermi level EF �−4.5 eV�.
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chemical potential of the cathode, which is set to −4.5 eV in
the calculations. The electron distribution obeys the Fermi-
Dirac distribution and is affected by the change of tempera-
ture. At higher temperature, the electrons have more prob-
ability to be thermally excited to the vacant local orbitals at
the tip region. This leads to the induced electrons to gather at
the tip region. Due to the accumulation of induced electrons
at the tip, the enhanced positive surrounding at the tip results
in the lowered potential barrier. The influence of these
changes is different for various applied fields. At a high-
applied field �e.g., 10 V/�m� the electron density and the
local field at the tip region are very high. As a result, the

thermal effects become secondary. The relative change of the
current intensity is thus small. At a low applied field, the
induced electron density and the local field are relatively low.
The thermal effects thus become more important. The tunnel
probability is larger at high temperature. This is advanta-
geous to the field emission process. In addition, as we no-
ticed before, the local field intensity changes little at various
temperatures. This is due to the fact that the local field
mainly depends on the charge distribution at the tip region
and the electron distribution at this region is almost unaltered
at different temperatures. At a low field, the induced charge
distribution away from the tip region varies as the tempera-

FIG. 5. �Color online� Po-
tential energy contour plots for
the �5,5� CNT. �a� Eappl

=10 V/�m, T=298 and
1500 K; �b� Eappl=7.5 V/�m,
T=298 and 1500 K. �c� Eappl

=5 V/�m, T=298 and
1500 K; �d� Eappl=2.5 V/�m,
T=298 and 1500 K. The zero
of the horizontal axis is the
central axis. The vertical axis is
the coordinate from the cath-
ode plane.
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ture changes. However, this variation affects only the overall
value of the potential barrier but not the shape of the poten-
tial curve since these charges are quite far away. As a con-
sequence, the local field intensity remains similar. Compared
with the calculated emission current and the emission current
measured in the experiments,3–10 only the current intensity
from our �5,5� SWNT at 10 V/�m can be detected under the
realistic experimental conditions. Although our calculations
show that the emitting current intensity is affected signifi-
cantly by the temperature below 7.5 V/�m, the current in-
tensity at these applied is negligible. At usual applied fields
�more than 10 V/�m�, the value of the emission current can
be 100 or 1000 times the results at 10 V/�m. Under these
conditions, more induced charges are accumulated at the tip,
which leads to the dominating electrostatic effect over that of
the pure temperature. Therefore, we conclude that for all
practical purposes the pure temperature effect on CNT field
emission intensity is small. The strong self-heating effects on
CNT field emission should thus be attributed mainly to the
induced structural changes.

IV. CONCLUSION

Based on our calculations, it is found that the temperature
alone has little effect on the field emission from CNTs. This
is due to the overwhelming electrostatic effect from the in-
duced charges at the tip region as compared to the pure tem-
perature effect on the field emission. Although at very weak
applied fields the pure temperature effect may become sig-
nificant, the corresponding emitting current intensity is found
to be too small to have any practical usages. The stronger
self-heating influence on CNT emission should be mainly
attributed to the induced structure modification. Work along
this direction is in progress.
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