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Using electronic states and phonon states from first-principles calculations on K3C60 to evaluate the

quantities in the McMillan equation, we examine the effects of both electron-phonon dynamic charge
coupling (Q) and Jahn-Teller coupling (JT) on various superconducting properties, including T„ is, T,
(the shift of T, for 1 GPa pressure), ac (the isotope exponent for ' C~' C), and aK (the isotope exponent
for K~ 'K). All quantities including electron-phonon coupling are evaluated (without modification)

directly from theory, except for the screening length between conducting electrons and ions, R„. With
0R„=O.8—1.0 A, we find that the calculated properties, T„AT„and ac, are all in good agreement with

experimental measurements. We find that the superconducting properties depend critically upon the

synergy between Q and JT coupling.

I. INTRODUCTION

A number of alkali-metal-doped compounds' of C6p

(M3C6o) are superconducting, with transition tempera-
tures T, ranging from 2.5 to 33 K. Several quite difFerent
mechanisms ' have been proposed to explain the super-
conductivity in these materials. Zhang et al. estimated
various contributions to the electron-electron interaction
in K3C6p and argued that the K+ optical-phonon modes
induce a strong attraction, which is the main source of
superconductivity. A suggestion by Lannoo et al. ,
Johnson et al. , and Varma, Zaanen, and Raghavachari
is that dynamic Jahn- Teller coupling involving high-
frequency intramolecular vibrations strongly scatter elec-
trons near the Fermi surface, leading to superconductivi-
ty. In addition to phonon-mediated electron-pairing
mechanisms, Chakravarty, Gelfand, and Kivelson and
Baskaran and Tosatti argue that two electrons may pair
by electron-electron exchange and correlation on a single
C6p molecule.

In this paper we concentrate on the role of electron-
phonon interactions for the superconductivity in K3C6p
and consider both dynamic charge coupling (dominated
by K+ optical phonons) (Q) and Jahn-Teller (JT) cou-
pling. We find that simultaneous inclusion of both Q and
JT coupling accounts for the superconducting properties.

II. HAMILTONIAN
AND ELECTRON-PHONON COUPLING

We present here a quantitative study of the supercon-
ductivity K3C6o using the Hamiltonian (1)

Hph +~e +~ee +He-ph +~e ph

where each term is determined from first-principles cal-
culations as discussed below.

A. The phonon states (H» )

the phonon states, we developed" force fields in which
the electrons are replaced by various two-body (bond),
three-body (angle), and four-body (torsion) potentials plus
long-range van der Waals interactions. These potentials
were based on empirical fits to such experimental data as
lattice parameters, elastic modulus, and infrared-Raman
phonon states for graphite and K intercalated graphite,
KC24. The parameters for this force field (denoted GFF)
are listed in Table I. GFF was used to predict all phonon
levels for C6p molecules and K3C6p crystal, including the
pressure dependence. The vibrational frequencies for C6p
are described quite well, as indicated in Table II (no vi-
brational information for C6p was used in determining the
force field). The frequencies of IR and Raman active
modes are generally predicted within 6% of the experi-
mental values. ' The low-frequency modes (261, 435, and
488 cm ') are calculated within about 10 cm ' of the ex-
perimental measurements. ' In comparison minimum
neglected difFerential overlap (MNDO) quantum chemis-
try calculations' lead to an error of about 12%. We con-
clude that GFF gives a good description of the C6p vibra-
tional modes.

We used GFF to optimize the crystal structure of
K3C6p The resulting lattice constant is A = 14. 1 8 A,
while x-ray difFraction ' leads to the same structure with
a lattice constant' of 14.24+0.01 A. This force field was
then used to calculate the 189 phonon modes (eigenvec-
tors and frequencies) for each point of a 6 X 6 X 6 grid in
the Brillouin zone. These modes partition into (a) 174
high-frequency intramolecular bands (260 to 1520 cm '),
(b) six lattice modes (130 to 140 cm '

) involving
tetrahedral K, (c) three lattice modes (20—50 cm ') in-
volving octahedral K, (d) three C6o librational modes
(30—40 cm '), and (e) three acoustic phonon modes.

Figure 1 shows the calculated distribution of phonon
states for K3C6p. Neutron-scattering experiment' on
K3C6p finds two broad peaks at about 35 and 120 cm
in agreement with the calculations. We write H h as

For calculating the vibrational modes of fullerene mol-
ecules, the packing of fullerenes in various crystals, and

IIpb= g Qk al, ak
k,j

(2)
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Interaction type'

Bond stretch (Morse)
C-Cb

Angle bend (cosine)
C-C-C

Torsion (twofold)
C-C-C-C
VDW (LJ12-6) ".
C-Cb

Rb-Rb

C-K'

C-Rb'
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TABLE I. Parameters for the graphite force field.

Parameter'

rb (A)
kb [(kcal/mol)/A ]
Db (kcal/mol)
L9, (deg)
kz [(kcal/mol)/rad ]
k„g [(kcal/mol)/rad A]
k„„[(kcal/mol)/A ]

.cc (A)
Duce (kcal/mol)
R, (A)
D,~~ (kcal/mol)
R.RbRb «)
D,RbRb (kcal/mol)

D,cK (kcal/rnol)

RvcRb (A)
D.cRb (kcal/mol)

GFF '
1.4114

720.00
133.00
120.00
196.13
62.709
68.000

21.280

3.8050
0.0692
4.0010
0.0700
4.3013
0.0800
3.9018
0.0696
4.0455
0.0744

B.D. Qlafson, and W. . o arW. A G ddard III J. Phys. Chem. 94, 8897 (1990).y
d fit the lattice parameters, e astsc cons anbC arameters were optimize top

ield the ex erimental geometry of KC24.'K arameters were optimized to yie d e e p
f RbC

pa
ield the ex erimental geometry o 24.Rb parameters were optimized to yie p

'R and D, cross terms assumed to be geometric means.U

where Qk is the frequency of mode j (j-'
( = 1 to 189) with

nductinWe will be interested in the change of superconduc ing

p
' '

and hence we calculated theproperties with pressure, and
mal ressure Pf the lattice parameter 2 to external pressureresponse o e a

as in Fig. 2. The calculated values fit expe
'

erimental
data ' quite we or11 f P ~1 GPa. Thus we calculate a

—1TABLE II. Vibrational frequencies (cm & of C6&.

f 0.125 A in the lattice parameter for P = 1 GPa,change o . i
while the experimental value is 0. 143
lar er pressure, e cth calculated compressibility is smaller

Th' mi ht indicate too repulsive anthan experiment. is mig
inner wall in t e van erh d Waals potential or it might indi-

in the ex-cate the e8'ects of entrained solvent or defects in t e ex-
perimental samples.

B. The electron&c states (H, and H«)

Mode GFF Expt. ' MNDOb The electronic states for K3C6O wewere calculated by
Erwin and ic ed P k tt using the local-density-

Raman
Hg(1)
H (2)
H (3)
Hg(4)
Hg {5)
Hg(6)
H,'(7)
H (8)
Ag(1)
A', (2)
IR
T)„(1)
T)„(2)
T)„(3)
T)„(4)
Abs. err

261
435
759
750

1080
1104
1321
1517
488

1281

556
574

1113
1276

62

273
434
710
774

1100
1250
1426
1576
496

1470

527
577

1183
1428

263
447
771
924

1260
1407
1597
1722
610

1668

577
719

1353
1628

124

'Experimental results from Ref. 12.
"Frequencies calculated using MopAc softwa re (Ref. 13), also see
Ref. 21.
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FIG. 1. Phonon density of states (arbitr yrar scale); the lowest
150 cm ' correspond to the intermolecular vi-two peaks below cm c

brations and librations and while the frequencies beyon
cm ' correspond to C6O intrarnolecular modes.
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FIG. 2. Lattice constant A vs pressure P. Open squares are
calculated data and open triangles are experimental data (Refs.
15 and 16). Solid line is the fit to the calculated data. We shift-

0
ed our calculated data for 0 K by 0.06 A to match with the cal-
culated and experimental (Refs. 14—16) lattice parameter at
zero pressure and 300 K.

including both the nearest-(NN) and the next-nearest-
neighbor (NNN) hopping matrix elements. Figure 3
shows the various hopping channels including NN and
NNN. For NN hoppings there are three channels with
hopping matrix elements t&, t2, and t3, for NNN hop-
pings we consider only the channel t4 coupling two C6o
via an intermediate K (linear configuration).

The values of t„t2, t3, and t~ (see Fig. 4) were adjusted
to fit the LDA calculation, ' leading to a Fermi energy of
Ef =0.23 eV and a density of states at the Fermi surface
of N(0)=11.5. This N(0) is used in all calculations un-
less otherwise stated. The conduction bands along
I ~X~8'~L, —+I ~K are plotted in Fig. 4. The den-
sity of states is given in Fig. 5.

The susceptibility and critical field' experiments sug-
gest that N(0) = 10—15, while nuclear-magnetic-
resonance (NMR) measurement' suggests N(0) -20. An
early photoemission experiment reported that
N(0)=1.9. This may be low due to the surface defects
and surface sensitivity of the experiment. Our value of
N(0) is consistent with most of experimental results, ' '
which suggest the range of 10—20.

approximation (LDA) description of the conduction
bands. This led to a Fermi energy of Ef =0.26 eV, a con-
duction bandwidth of E =0.6 eV, and a density of states
N(0)=13.2 at the Fermi energy. [The units of N(0) are
states per eV per C60 throughout the text. ] In order to
calculate the electronic states at 10 points in the Bril-
louin zone, we fitted the LDA results' to a tight-binding
Hamiltonian

NN NNN

(3)

FIG. 3. Tight-binding hopping matrix elements between ad-
jacent fullerenes. Each C«molecule is represented by three p-
like Gaussian orbitals with p„and p~ are in the plane. The K
atom at the octahedral site is represented by an s orbital. t&, t2,
and t3 are nearest-neighbor hopping matrix elements and t4 is a
next nearest neighbor hopping matrix element (through the oc-
tahedral K).

1. Formalism

The charge coupling Hamiltonian is written as

HP~„= g g b,R„V„V„(r,—R'„'),
I na

where

(4)

V„.(r )=exp( —r/R„)/r
is the screened electron-ion Coulomb interaction with a
screening length R„, R'„' is the equilibrium position of
the uth ion in the nth unit cell, and AR„ is its displace-
ment,

hR„= g + 1 /NM Q(kj )g(alkj)exp(ik R„' ') .
kj

Here g(alkj) is the phonon eigenvector of momentum k
and mode j and Q(kj) is its amplitude.

Using the tight-binding picture, H, h simplifies to

Q 1
H, p„=,q2 g Mi, q~cq, cq(a ~+a~), (7)

where

C. Dynamic charge coupling (H,~ h )

Dynamic charge coupling describes the changes in the
electron-ion Coulomb interactions due to vibrations, as-
suming charges stay fixed on the ions as they vibrate. We
calculated the electron-phonon coupling matrix Mk.kj,
using the exact phonon eigenvectors and eigenenergies
together with the tight-binding electronic wave functions
and a local Wannier orbital representation for the con-
duction electrons. These Wannier orbitals were obtained
by orthogonahzation of Gaussian orbitals as described
below.

Mqq. = i g—kj

I /2 —iG.R
e t „(q+Cx)g(alqj') ~ (q+Cx)8'(q+Cx, k', k) .
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2. Calculations

Q)

LLl

Q Q

-0.2—

-0.4

t 00136 eV

t = 0.0306 V t „=-0.0055 e V
3

X W L

FIG. 4. The electronic bands along the

I ~X~8 ~L~I ~E direction. The dashed line represents
the Fermi energy.

We used three p-like Gaussian functions on each C6O to
describe the three t, „orbitals and orthogonalized them
up to next-nearest neighbors to obtain approximate Wan-
nier orbitals for the three electronic bands. A typical

0
function is g 0-xe ~'~ +' ', with a=0.0397 A
and P=0.0550 A . This leads to analytic expressions

0

for all integrals. We take the charge on each K as +e
and on each C as —

—,', = —0.05e. We determined the
Fermi surface by calculating from H, the states and ener-
gies at 1000000 points in the Brillouin zone, and then
selected the 330 points within 0.001 eV of the Fermi ener-

gy for evaluating electron-phonon scattering matrix ele-
ments between them. The phonon eigenvectors and
eigenenergies were evaluated on a 6 X 6 X 6 mesh in Bril-
louin zone, which were used to approximate phonons at
all momentum values.

Here
3

IV(q+6;k', k) = g a *(k')a„(k)U „,
m, n =1

U „=ge (q (R )~
'~q+G~' q (0))

0.020—

I

oc(

0.015—

0.0 t 0—

0.005—

.QQQ0.
0 0.1 0.2 0.3 0.4 0.5 0.6

Energy (eV)

FIG. 5. Density of states for three t&„bands. The arrow
points at the Fermi energy.

q=k' —@+A is the erst Brillouin zone, Cx is a reciprocal
lattice vector, A(k) is the electronic eigenvector of
momentum k, R is the equilibrium position of the o;th
atom in the unit cell, g is a local Wannier wave func-
tion, 0'„(q)=(1/Vo)V„(q), V„(q) is the Fourier trans-
formation of V„(r) in momentum space, and Vo is the
volume of a unit cell.

All quantities in (5)—(8) were obtained directly from
first-principles calculations except the screening length,
R„. From Thomas-Fermi (TF) theory ' the screening
length is R „"= t/ Ef "/6men, =0.63 .A, where
n, =4. 19X10 A is the conduction electron density
and Ef"=A kf/2m, =0.46 eV is the Fermi energy of a
free-electron gas model. According to the random-phase
approximation (RPA), the proper value for R„should
be a bit larger than R „"for interacting electron gas.

In Sec. III we summarize the McMillan formula, which
relates T, to quantities derived from the electron-phonon
scattering matrix element and phonon distribution
(5)—(8). A key quantity is a (co)F(co) in (13). Using the
above results leads to a&(co)F&(co) for Q coupling as in

Fig. 6(a). One peak at coo=20 —50 cm ', involves both

C6o librations and vibrations of K at octahedral sites.
The other peak at m+=130—150 cm ' involves vibra-
tions of K at tetrahedral sites. The rest (above 200 cm ')
correspond to C6o intramolecular vibrations and lead to
negligible amplitudes. Figure 6(b) shows more detail for
a&(co)F&(co) in the range from 0 to 200 cm

The most important quantity in superconductivity
is the electron-phonon coupling constant,
=2fa (co, )F(co)des/co; see (13). For Q coupling the

corresponding A, & depends strongly on R„, increasing
monotonically with R„, see Table III. A, & also depends
on the positions and shapes of the Wannier orbitals (i.e.,
on the values of a and P). This is because a and P deter-
mine the relative distances between the conduction elec-
trons and ions. There are constraints on the possible
values of a and P, since the conduction electrons reside
mainly on the surface of C6o. Contributions to k& come
mainly from the change in Coulomb interactions between
K+ ions and conduction electron residing on the surface
of C6o. Because the distances between K+ ions and the

0

surface of C6O range from 3 to 11 A, much larger than the
radial variations of conduction electron density at the
surface of C60, we expect k& to be insensitive to the de-
tailed shape of the t, „ local orbitals on C6O. Therefore,
replacing the t&„orbitals by p-like Gaussian functions
should be a reasonably good approximation, and we do
expect the value of A, & to be insensitive to u and P. In ad-
dition, A, & is not found to be sensitive to the values of t~.

(j=1—4).
For R„=0.63 A (the Thomas-Fermi value) we obtain

A,&=0.28. For interacting electrons, according to RPA
calculations R„should be larger than the Thomas-
Fermi length. Since the distances between the surface of
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0

C6O molecules and alkali ions are about 3 A, A, & is unlike-

ly to be less than 0.28. Therefore, we conclude that
electron-phonon charge coupling is too strong to be
neglected in considering the mechanism of superconduc-
tivity of K3C6o. This contrasts with the conclusions of
some other workers.

D. Dynamic Jahn-Teller coupling (H ph )

Lannoo et al. , Johnson et al. , and Varma, Zaanen,
and Raghavachari suggested that Jahn-Teller coupling
between H phonon modes and t &„orbitals of conduction
electron might play a role in the superconductivity, and
the strength of JT coupling has been estimated. We
independently calculated the Jahn-Teller coupling, ob-
taining coupling strengths in agreement with Ref. 6.

1. Symmetry and electron-phonon Jahn-Teller coupling

Calculations using both the local density approxima-
tion (LDA) and MNDO (13 and 24) show that the

(a)
Q-coupling only

0
R =1.0A

Q(o= 10 cm

TABLE III. Values of A& =2f a&(co)F&(co) as a function of
screening length, R„.
~„(A)
A 0

0.50
0.13

0.63
0.28

0.80
0.60

1.00
1.15

2.00
5.46

lowest unoccupied molecular orbitals (LUMO) are of t,„
symmetry (p-like orbitals). According to the Jahn-Teller
analysis the Hs vibrational modes (fivefold degenerate)
split the degeneracy of t,„states, leading to distortions of
C6O from I& symmetry such that the ground state is no
longer degenerate. Splitting of the t &„degenerate states
requires that (g; lBH/BRs g~ ) be nonzero where g; and

PJ are components of the t,„electronic states and g is a
vibrational mode. This requires that the vibrational
mode has a symmetry contained in the symmetric
Kronecker product of t,„electronic states:
( t,„ t, „),„=A e H . Thus H vibrational modes
break II, symmetry of perfect C6O and split the degenera-
cy of three t&„orbitals by inducing first-order coupling
with t&„electrons. This is the Jahn-Teller theorem. We
examined the splitting of the t,„electronic states due to
all eight Hg modes.

In the crystal structure the oriented C6o molecule has
T& point-group symmetry. This splits the H mode into
E@T, while the t&„electronic states remain degenerate.
Here the E and T vibrations again lead to first-order
nonzero JT-coupling matrix elements, splitting the degen-
eracy. Because the crystal distortions of the C60 mole-
cules are very small, the coupling matrix elements in the
crystal should be quite close to those of a perfect C6O mol-
ecule, and we have used the latter in our calculations.

3.3

400 800

m(cm )

1200

(b)

1600 2. Formalism

There are eight Hg modes of C60, accounting for 40 of
the 174 intramolecular vibration modes. The Hamiltoni-
an for the first order couplings of the t,„states has the
following ' form:

Q-coupling only

R =1.0 A

6(o= 1cm

co (cm )

150 200

FICr. 6. o.'(co)F(co)5co for Q coupling. (a) co ranges from 0 to
1600 cm ', covering the entire range of phonon modes. Data
are accumulated every 10 cm ', i.e., 6co=10 cm '. Magnitude
of the first peak (lower frequency) is 7.7 cm ' and the second
3.9 cm '. (b) co ranges from 0 to 200 cm '. Two groups of
peaks correspond to coupling between conduction electron and
intermolecular phonon modes. Data are accumulated every 1

cm ', i.e., 5co=1 cm '. The highest peak has magnitude of 3.3
cm '.

H, =E+ g h; (m, v)"Q +H„;b,
m, v

where i,j=1,2, 3 are indices for the three degenerate t,„
electronic states, Q „ is the normal coordinate of the
mth Hs mode ( m = 1 —8 ) with degeneracy v = 1 —5, H„;b
is the Hamiltonian of the vibrations, E is the total energy
of an undistorted C6o, and h;J is the coefficient of the cou-
pling matrix. For H modes, the coupling matrix is '

Q, s
—V3Q, ~

—v'3Q,
—V3Q —v'3Q
—v'3Q

—v'3Q

Q, s+V3Q 4

—v'3Q

1
2gm

—2Q

(10)

where g is the rate of energy change with respect to dis-
placement of the mth mode. Q s is the d, -like mode,
while Q (v=1 —4) are d & 2-, d -, d, -, and d,„-like
modes. For v= 1 —4, the splitting from (10) is illustrated
in Fig. 7(a); while for v=5, the splitting is illustrated in
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/

/

/
/

/
/

/

/

0.866g

TABLE IV. Splittings of t&„energy levels for Hg and Ag vi-
brational modes. The amplitudes of all phonon modes were tak-

0
en as Q =5.77X10 ' A; m =1 to 8 for Hg modes and 1 to 2
for Ag modes.

\

'~

05o

(b)

or

0.866g

(+ 1.0 g

0.5 g

Mode

Hg(1)
H', (2)
H', (3)
H,'(4)
H,'(5)
Hg (6)
Hg(7)
H,'(8)
Ag(1)
A (2)

e& (eV)

—2.561 29
—2.560 85
—2.561 12
—2.562 07
—2.561 06
—2.560 34
—2.569 62
—2.566 22
—2.559 03
—2.546 11

e2 (eV)

—2.560 37
—2.559 95
—2.559 92
—2.558 91
—2.558 65
—2.559 85
—2.557 33
—2.561 23
—2.559 03
—2.546 11

e, (eV)

—2.559 43
—2.559 28
—2.558 55
—2.558 36
—2.558 45
—2.559 17
—2.552 24
—2.551 60
—2.559 03
—2.546 11

FIG. 7. (a) Energy splittings for the mode v=1 —4. (b) Ener-
gy splittings for the mode v=5.

Fig. 7(b).
The dynamic Jahn-Teller electron-phonon coupling

constant XJT is given by '

5 N(0)
MMcu

~JT g ~JT m

Varma, Zaanen, and Raghavachari studied the Jahn-
Teller effects of a C60 using MNDO semiempirical quan-
turn chemistry method' to calculate energies of a C60
molecule with frozen H vibrations of different ampli-
tudes. From this they estimated the values of g for
eight H vibrational modes. We used a slightly different
approach to calculate the strength of JT coupling.

H vibrational modes split the energy degeneracy of
three electronic states of t,„symmetry, as illustrated in
Fig. 7. The splitting is proportional to g . Thus, we can
obtain the value of g for a particular H phonon mode,
m, by measuring the splitting of the energy levels. To do
this, we started with perfect C6O and then added frozen
H vibrational modes from the GFF calculation [using
POLYGRAF (Ref. 27)]. Finally we used MNDO (Ref. 13)
to calculate the energy levels of the distorted C6O and
from this obtained the splitting of the t &„energy levels.

The total splitting is &3g for @=1 —4, see Fig. 7(a),
and 1.5g for p=S, see Fig. 7(b). The average values for
the total splittings of mode m, leads to

A,JT=0.64 from Ref. 6, see Table V. Thus JT coupling is
also too strong to ignore. Comparing with results of Q
coupling, A,zT-A, & for R„=O.8 to 1.0 A. Combining re-
sults of Q coupling and JT coupling leads to the A, (co) in
Fig. 8.

III. CALCULATIONS OF T,

d k d ka (co)F(co)= f aq(co)Fq(co) jf
UF UF

A, = f l(co)dco=2 f a (co)F(co)

(13b)

McMillan solved the Eliashberg equation numerically
by a self consistent iterative procedure. He used
a (co)F(co) (defined below) for Nb and calculated the T,
for several cases with difFerent values of A, and p* (see
Table VI for definitions). On the basis of these numerical
solutions, McMillan obtained an empirical formula re-
lating the transition temperature T, to the phonon densi-

ty of states, F&(co), and the electron-phonon coupling ma-
trix, Mk.&-. The McMillan formula is accurate only for
k ~ 1.5; however, Allen and Dynes later studied cases of
A, ~ 10. They fitted the empirical formula in (13) to the
results of 217 different cases [different a (co)F(co), A, , and

p ] leading to a rms deviation of 5.6%. Starting with

ag(co)F„(co)= g f ~M„~, 5(co—fl ),2 1 d k
(2~) J vF

(13a)

=1.7g (12)

3. Results

The one electron energy levels are listed in Table IV
for a distortion of Q =5.77X10 A (m =1—8), charge
Q =0, and total spin S=0. The H modes lead to obvi-
ous splittings. Particularly, for H (7) and H (8), the
splittings are quite large. The corresponding g are in
reasonable agreement with the results of Ref. 6, as shown
in Table V.

The result is A,iT=Q /(, iT =0.75. This compares to

Mode
Present
Ref. 6
Mode
Present
Ref. 6

Hg(1)
0.19
0.1

Hg (6)
0.12
0.2

Hg(2)
0.16
0.1

H (7)
1.77
1.8

H (3)
0.26
0.2

Hg (8)
1.49
1.2

Hg(4)
0.38
0.0

Ag(1)
0.00

0

Hg(5)
0.26
0.6

Ag(2)
0.00

0

TABLE V. Values of gm in (10) for H and A modes.
Present values are compared to those of Ref. 6. We calculated a
total JT-coupling constant of A,»=0.75, which compares to
A,»=0.64 of Ref. 6.
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where v~=(1/A)Beklr)kt is the average Fermi velocity
(k~ is perpendicular to the Fermi surface) and A, is the
coupling constant, Allen and Dynes found that

8 1.04(1+A, )
exp

1.20 A, —p —0.62K,p*
(14)

where various quantities are defined in Table VI.
As shown in Table VI, p' =p/[1+ p ln(E, /cosh ) ],

where E, and co„h are the characteristic energy of con-
duction electron and phonon, respectively, and V, is
average screened Coulomb interaction between electrons
around the Fermi surface. Following Allen and Dynes,
we take co „='1/(ro ) as in Table VI. Gunnarsson and
Zwicknagl obtained that @=0.4. There are disagree-
ments concerning the value of E, . Authors of Ref. 29
used a simple two-band model to suggest that
E, =0.5E . If the interband scattering matrix elements
are all zero, E, should be exactly the half of bandwidth
E . However, E, should be somewhat larger than 0.5E .
Therefore, we consider both cases E, =0.5E and E .
More detailed discussion is given in Sec. V B.

FIG. 8. Calculated values of A,(co) =2+ (m)F(co)/co using
both Q and JT coupling. Dashed line for k&(co) and solid line
for AJr(co). For co(200 cm ' all contributions are from Q,
while for co) 200 cm ' essentially all contributions are from JT.
The maximum value of A, (co) is 0.0669 cm.

Table VII shows the calculated superconducting prop-
erties for various values of R„ for the cases of E, =0.3
and 0.6 eV, respectively. These calculations use the den-
sity of states N(0) =11.5 from the tight-binding calcula-
tions. The values of p for E, =0.6 eV are less than
those for E, =0.3 eV. Therefore, the values of T, for
E, =0.6 eV (15—20 K) are larger than those for E, =0.3
eV (7—18 K). Given the uncertainty in the value of N(0),
the calculated T, 's are in a satisfactory comparison with
experiments. '

The transition temperature T, drops under external
pressure, ' ' for instance, AT, = —7.2 K for P=1 G-Pa.
Using our force field we calculated directly the equilibri-
um structure (allowing buckling of the fullerenes) and
phonons for a pressure of 1 GPa. The frequencies of the
C6o intramolecular vibrations change less than 1%. [For
instance, the frequency of Hs(8) increases from 1518 to
1522 cm '.] However, for intermolecular modes the fre-
quencies shifts are quite large, as shown in Fig. 9. The
relative change is as much as 10'% or more. We again
calculated the phonon eigen vectors and eigenenergies
from a 6 X 6 X 6 grid in the Brillouin zone and recalculat-
ed the parameters in Table VI. We used N(0)=9.2,
based on the results of a LDA calculation that N(0) de-
creases 20% under 1 GPa external pressure, and
meanwhile N(0)E was kept constant. Using these re-
sults in (13) leads to a large drop in T, for R„=O.5 to 1.0
A: AT, = —6 to —9 and —4 to —12 K in the cases of
E, =0.3 and 0.6 eV, respectively: These results are, con-
sistent with the experimental data ' AT, = —7 K.

A third significant test is the shift of T, with isotope
substitution. Experiments lead to a&=0.30+0.06 for
K3C6o and ac =0.37+0.05 for ' R13C6o (an early report
of a&=1.4+0. 5 may not be accurate). Q coupling is
caused mostly by the alkali optical modes, which is
affected little by the isotope substitution ' C~' C. To
calculate the transition temperature after the isotope sub-
stitution we recalculated the eigenstates and eigenener-
gies of the phonon states and of a&(ro)F&(ro) for ' C. We
change only the frequencies of intramolecular modes by a
scaling factor of QMc /M, 3C for a (ro )F( rv ). For
R„=O.63 to 1.0 A and E, =0.6 eV, the resulting value of
a& =0.1, which is one-third of the experimental re-
sults. ' ' This may be caused by breakdown of the

TABLE VI. DefInitions of quantities in (14), here E, and co„„are the characteristic energies of the
conduction electrons and phonons, respectively. We take co h

=V ( riP ) and E, =0.5E or E

Al =2.46(1+3.8P )

2 dao
u&, =exp — o. (co)F(~)inc@

0 CO

A~=1.82(1+6.3@*)(+(co)/co), g)

oo

(a') =—j d'art'(co)E(~)~
0
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Eliashberg formalism. However, for R„=2A, we obtain
a& &0, which is in clear disagreement with experiment,
see Table VII.

For K~ 'K, we recalculated the eigenstates and
eigenenergies of the phonon states and of a&(co)F&(co)
after replacing K with 'K, and then recalculated T, .
The resulting values of a& vary approximately from 0.2
to 0.3 for R„=0.8 to 1.0 A, Table VII. A recent experi-
ment reports that az&&0.2 for Rb3C6O isotope shift:
85mb~87mb.

In Table VIII we list the values of various parameters
from Table VI involved in the evaluation of the transition
temperature T, .

FIG. 9. Phonon distribution shifts under an external pressure
of 1 GPa. The solid line is for zero external pressure, while the
dashed line is for an external pressure of 1 GPa.

In the above calculations, N(0) is fixed at the calculat-
ed value of 11.5. From experiments' ' N(0) is believed
to be in the range of 10 to 20, but the exact value of N(0)
is not known. In order to make more accurate compar-
isons of the calculated shift hT, for external pressure of 1

GPa and the isotope shift az with experimental results,
we now adjust the value of N(0) to fit r, of (14) to the ex-
perimental value, ' as illustrated in Table IX.

After determining the value of N(0) for each R„, we
employed the same procedure in the previous section and
calculated AT, under the external pressure of 1 GPa, as
indicated in Table IX. It is obvious that for R„)1.0 A
the values of AT, are too small to account for the ob-
served data. ' We also calculated the isotope shifts of T,
for '2C~'3C (Table IX) and the resulting ac=0.2 for
E,=E, when R„=0.8—1.0 A, which is less than ex-
perimental results' (again this may be due to breakdown
of the Eliashberg formalism). Therefore, varying N(0) to
fit the observed T, does not change the results obtained
in Sec. IV.

B. The value of p*

The value of p* =pl[1+du, ln(E, /co h)], where E, and

soph are the characteristic energy of conduction electron
and phonon, respectively, is unknown and remains a con-
troversial issue. The disagreement concerns the value for
the characteristic electron energy, E, . Proponents of the
JT-coupling mechanism ' argue that E, is the size of

TABLE VII. Superconducting properties for di6'erent values of R„(the only variable in the
calculations). ' Temperature in units of K. We consider both E, =0.5E„=0.3 eV and E, =E =0.6
eV.

0.3 eV

R„(A) kg /kJ~ p* acb STc' ba&

0.6 eV

0.50
0.63
0.08
1.00
2.00

0.2
0.4
0.8
1.5
7.3

0.3 1 0.9 6.8
0.30 1.1 10.5
0.29 1.4 14.2
0.28 1.9 15.5
0.24 6.2 18.3

—5.5
—7.5
—7.5
—4.1

0.7

—0.40
—0.13

0.04
0.10
0.02

0.22
0.11

—0.04
—0.12
—0.02

0.10
0.13
0.20
0.26
0.44

—0.03
—0.06
—0.13
—0.19
—0.38

0.50
0.63
0.80
1.00
2.00

0.2
0.4
0.8
1.5
7.3

0.26 0.9
0.25 1.1
0.24 1.4
0.23 1.9
0.21 6.2

15.3
17.8
19.1
18.5
20.1

—10.1
—10.1
—7.3
—2.8

0.7

0.05
0.12
0.15
0.15
0.03

—0.06
—0.17
—0.23
—0.23
—0.04

0.08
0.11
0.18
0.26
0.45

—0.06
—0.10
—0.16
—0.22
—0.42

Expt. 19 —7.2' 0.30(6)' —0.45' &0.2g

'Change in T, for pressure= 1 GPa= 10 kbar and A(1 GPa) = 14.04 A.
a is the isotope exponent (T, ~M ). ac for ' C—+ "C and a& for K~ 'K.

'Change of transition temperature upon isotope substitution.
References 1 —3.

'References 18—20.
References 30—31.
For Rb3C60,' Ref. 33.
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TABLE VIII. Parameters used in calculating T, .

R„(A) co... (cm ') &(co) (cm ') fi f2 0 (cm ') p* Ag AJT A,

P=O
0.50
0.63
0.80
1.00
2.00
P=1 GPa
0.50
0.63
0.80
1.00
2.00
P=O
0.50
0.63
0.80
1.00
2.00
P=1
0.50
0.63
0.80
1.00
2.00

0.5E
627
400
215
120
42.7
0.5E
778
585
375
229
76.2
E
627
400
215
120
42.7
E„
778
585
375
229
76.2

1183
1094
958
811
452

1217
1156
1055
932
570

1183
1094
958
811
452

1217
1156
1055
932
570

1.02
1.03
1.04
1.07
1.36

1.01
1.01
1.01
1.02
1.16

1.03 1.01
1.03 1.01
1.05 1.02
1.08 1.02
1.39 1.19

1.02 1.00
1.02 1.01
1.03 1.01
1.04 1.01
1.17 1.06

1.01 1.00
1.02 1.01
1.02 1.01
1.04 1.01
1.16 1.05

646
416
226
131
67.4

786
603
386
241

92.8

652
416
230
132
70.6

794
603
390
241
94.5

0.31 0.1 0.8 0.9
0.30 0.3 0.8 1.1
0.29 0.6 0.8 1.4
0.28 1.2 0.8 1.9
0.24 5.5 0.8 6.2

0.26 0.1

0.26 0.3
0.24 0.6
0.23 1.2
0.21 5 ~ 5

0.8 0.9
0.8 1.1
0.8 1.4
0.8 1.9
0.8 6.2

0.24 0.1 0.6 0.7
0.24 0.2 0.6 0.8
0.24 0.3 0.6 0.9
0.23 0.6 0.6 1.2
0.21 2.5 0.6 3.1

0.29 0.1 0.6 0.7
0.29 0.2 0.6 0.8
0.28 0.3 0.6 0.9
0.27 0.6 0.6 1.2
0.24 2.5 0.6 3.1

the overall bandwidth for the molecular carbon m orbitals
of C60, which is about 20 eV. This leads to p*=0.1.
Chakravarty, Khlebnikov, and Kivelson and Gun-
narsson and Zwicknagi illustrated that the interband
scattering between different m. orbitals is much less than

the intraband scattering of a m orbital for a C6O molecule
and concluded that E, should be the size of the conduc-
tion bandwidth E . In addition, Gunnarsson and Zwick-
nagi pointed out that only the energies inside the sub-
bands should be considered even if the interband scatter-

TABLE IX. Superconducting properties at different values of R„. The value of N(0) was adjusted
to yield the experimental value of T, (19 K), while N(0)E„was kept constant. In addition to these re-
sults for E, =0.5E =0.3 eV, we show the results for E, =E =0.6 eV.

R„(A) N(0) (states/eV spin C60) T, (K)' A, &/A, JT p " ac AT, (K) a~'

0.50
0.63
0.80
1.00
2.00

15.6
14.6
13.8
14.1
12.2

19.0
19.0
19.0
19.0
19.0

0.5E
0.2
0.4
0.8
1.5
7.3

0.34 1.23 —0.17
0.33 1.35 —0.04
0.31 1.66 0.06
0.29 2.36 0.10
0.24 6.62 0.01

—10.8
—9.9
—6.9
—2.1

0.7

0.08
0.11
0.18
0.26
0.45

0.50
0.63
0.80
1.00
2.00

Expt.

12.3
11.8
11.5
11.8
10.7

10-20'

19.0
19.0
19.0
19.0
19.0

0.2
0.4
0.8
1.5
7.3

0.26 0.97
0.25 1.08
0.24 1.37
0.23 1.98
0.21 5.81

0.30(6)g

0.08
0.13
0.15
0.16
0.03

—11.6
—10.4
—7.3
—2.5

0.7

7.2h

0.07
0.11
0.18
0.25
0.45

&0.2'

'The fitted values of T, from adjusted N(0).
"The values of p were calculated according to Table VI.
'Experiments: 5T, (' C) = —0.45 K; —6T, ( K) & —0. 13 K.
Change of T, when external pressure is 1 GPa, which are calculated with N(0)(1 GPa)
=0.8N(0)(0 GPa) [a LDA calculation (Ref. 23)] and A (1 GPa) =14.04 A.
'References 18 and 19.
References 1 —3.
References 30 and 31.

"References 18—20.
'For Rb3C6o,' Ref. 33.
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ings are the same magnitudes as the intraband scatter-
ings. Therefore, considering a model in which each of
sixteen subbands is 0.5 eV broad and the centers are
separated by 1 eV, the effective E, should be 1.3 eV in-
stead of 15.25 eV (if all interband and intraband scatter-
ings are equal). It is clear from the arguments of Ref. 37
and 29 that E, should be in the order of the conduction
bandwidth E . Our calculations used E, =O. SE and
E . Using p=0.4 from Ref. 29, we find that p*=0.2 to
0.3, see Tables VII, VIII, and IX.

(L". The energy gap

The gap-T, ratio, 2b, /K~ T„ is an important parame-
ter since it can be measured experimentally. Tunneling
experiments obtained the values of 2A/K&T, =5 for
both K3C6o and Rb3C6O. One far-infrared reAectivity ex-
periment concludes that 2b, /K~T, =3—5, and a recent
optical refiectivity measurement reports that
2b, /K~ T, =3.6 for K3C6p and 2.98 for Rb3C6p. Measure-
ment of ' C nuclear spin relaxation rate' indicates that
2b, /Kz T, =3.0 for K&C6p and 4.0 for Rb3C6p. Tunneling
experiments indicate a strong coupling and A. =1.S—2.0.
Optical reAectivity and NMR data are consistent with
weak coupling. Tunneling experiments may be subject to
surface effects, while reAectivity and NMR measurements
may indicate the minimum gap around the Fermi surface
if there is a distribution of gaps. More experiments are
needed for a better understanding.

For A, &/A, Jr &0.2, we calculate A, & 1.0, which is weak
coupling and inconsistent with the results of tunneling ex-
periments. For 1,&/XJ~=0. 4—1.5, 1,=1—2, which is
consistent with tunneling, optical reAection and NMR ex-
periments. For A, &/A, ~r &) 1, we calculate A, ))1, which is
consistent only with the tunneling experiments.

The results of the tunneling experiment, i.e.,
2b, /Kz T, =5, suggest that the magnitude of gap is b, =48
K. From our tight-binding fit to LDA calculation, ' we
calculate an average velocity over the Fermi surface of
U&=9.9X10 cmsec '. This leads to a value of the
coherence length of gp=fiu&/~b, =50 A for K3C6p. The
experimental result is gp=26 A. On the other hand as-
suming gp=26 A and U&=9.9X10 cmsec ' leads to
5, =92 K and the ratio 2b, /K~T, =9.6. This indicates
that gp is larger than 26 A or that UI is less than 9.9 X 10
cmsec '. Note in Fig. 5 that the density changes very
rapidly near the Fermi energy, so that v& could conceiv-
ably be by a factor of 0.5 to 2.0.

D. Nuclear spin relaxation

' C NMR measurements' of K3C60 and Rb3C6o reveal
the expected linear relationship between nuclear spin re-
laxation rate 1/T& and the temperature T in the normal
state but below T, there is an apparent suppression of the
coherent peak (Hebel-Slichter peak ). The suppression
of the Hebel-Slichter peak may indicate a broadened peak
in the density of states at the edge of gap. This could be
caused by a strong pairing-breaking interaction. ' ' ' Us-
ing result of Ref. 41 we estimate that at T=0.9T, the
enhancement of nuclear spin relaxation rate is suppressed

if A, ~2. If k & 1 (weak-coupling superconductors), it is
difficult to see how to explain the suppression of the
Hebel-Slichter peak.

E. Exponent of isotope shift (' C~' C)a~

~n 1.04(1+A, )(1+0.62K, )p*

[A, —p*(1+0. 62K, ) ]
(15)

where Mc is the mass of carbon atom and A. =A,&+A,J~.
In the Q-coupling limit, AJ~&&A, & and thus ac=0. In
the JT-coupling limit, A,Jr ))A, &, p* is quite large ( -0.3),
and therefore nc can be very small or even negative.
Thus Q coupling alone can not account for the observed
isotope shift in these systems. JT coupling alone can
possibly explain the observed isotope shift ' ' only if p*
is much less than the calculated value of -0.3. For
A,J~-A, &, the calculated value of p* is about one third of
the experimental data. ' ' A possible explanation is that
E

Graph

so that the Eliashberg formalism is no longer
valid.

A recent experiment on isotope effects of Rb-doped
C6O reports that the shifts of T, 0.7, 0.5, and 0.9 K for
Rb3 C6p Rb3( Cp 55 Cp ~5)6p and Rb3( C6p)p ~( C6p)p ~

respectively. Our model would predict that the T, shift
of Rbp( C6p)p s( C6p)p s be less than that of Rb3' C6p.
This may be caused by tight-binding approximation em-

ployed. We would like to see more experimental works.

F. Q coupling or JT coupling alone

To test whether either H, ph or H ph alone can account
for the superconducting properties, we carried out the
same calculations using only the one coupling. In these
calculations N(0) is taken as the calculated value 11.5
and R„ranges from 0.5 to 2.0 A. Table X shows that

TABLE X. Effects of not having both g coupling and Jahn-
Teller-coupling. All quantities are in the units of K.

R„(A)

0.50
0.63
0.80
1.00
2.00

NS'
0.00
0.00
0.00
0.00

XS'
NS'
—0.6
—2.5
—3.5

NS'
-0

0.6
3.1

15.1

Expt.

—0.1
—0.45

'5T, is the change for T, upon ' C~' C.
b T, for 1 GPa pressure.

'NS indicates not superconducting.
Reference 30.

'References 15 and 16.
References 1 —3.

The isotope shift yields crucial information about the
mechanism of superconductivity. The exponent o;z for
' C—+' C is given by (15),

ac = —t) lnT, /t) InMC
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H, h alone cannot account for the superconducting prop-
erties of K3Cg0. Using R„10 A He ph leads to T, =3
K, which drops for smaller R„. Larger values of R„
with H~h alone leads to higher T, (e.g. , 15 K for
R „=2.0 A ) but ac =0 in disagreement with experi-
ments. ' ' Including only JT leads to T, =11 K, which is
comparable with the observed value of 19 K. However,
the very small shift of T, upon isotope substitution
' C~' C is in disagreement with experiments ' ' (it is
caused by a large value of p' owing to the fact that
E, -~~„).

VI. CONCLUSION

Our conclusions are that (1) Q coupling is quite strong,
and it cannot be neglected in considering the mechanism
of superconductivity in K3Cs0 and (2) the superconduc-
tivity is explained reasonably well by the Q-JT electron-
phonon coupling mechanism including both H, h and

JTH,
In Sec. III C, we demonstrated that Q coupling is

strong enough to play a role in the superconductivity of
K3CQD and cannot be neglected. The screening length
should be R „&0.63 A. And hence, A, &

& 0.28 and

k& /AJT + 0.4. However, the Q-coupling limit,
A, g/XJT&&1, has serious problems. Because the charac-
teristic phonon frequency is small ( —30 cm '), it would
require A, & 10 to explain the observed value of the transi-
tion temperature T„-30 K for Rb3 Cs„C&0, ' and
this would disagree with IR, ' NMR, ' and even tun-
neling experiments. In addition, Q coupling alone can-
not explain the ' C isotope shift ' ' of T, . Therefore, Q
coupling alone can be safely ruled out.

In the JT-coupling limit, A, &/A, JT «1, the characteris-
tic energy of electron E, is comparable to the characteris-
tic energy of phonon co h. Therefore, the effective
Coulomb repulsion constant p*=0.3. This leads an iso-
tope shift of T, (' C~' C) of ac= —0.4 to 0.06 in
disagreement with experiment. ' ' Comparing the cal-
culated properties and experimental results alone cannot
rule out the possibility of XJT»A, O. However, taking

into account the plausibility that X& 0.28, it is unlikely
that these systems are in the JT coupling limit.

The calculated properties of the intermediate region,
A

Q /A JT 1, are consistent with the current experimental
observations: transition temperature' T„ the shift of T,
under external pressure' ' 5T„susceptibility' and
NMR, ' tunneling experiments and the infrared
reAection experiments. That the calculated values of
o,c are less than that of experimental results ' ' may be a
problem, however it could also be due to the breakdown
of Eliashberg formalism or to approximations (partic-
ularly the tight-binding approximation to the LDF
electronic states). Our calculations conclude that
A &/A JT=O. 8 —1.5 (corresponding to R „=0.8-1.0 A).

Our conclusion is that synergy between He ph and H ph
leads to the special properties of bucky ball superconduc-
tors. In the range R„=0.8 to 1.0 A, A, &/A, JT=0.8 —1.5
so that both contributions are comparable. With only
H ph T, drops substantial ly because A, decreases and co&,

becomes very small [decreasing 0 of (14)]. For only JT, A,

decreases while co h is very large, leading to a high p*.
Summarizing, we find that a combination of the charge

and Jahn-Teller electron-phonon couplings is responsible
for the superconductivity in K3Cg0. More definitive tests
of this Q-JT mechanism will be the prediction of T, for
various mixed alkali systems' where T, ranges from
2.5 to 33 K. There are no variables left to our disposal;
thus the force fields (and hence phonons) are determined,
R„must be -0.8 —1.0 A, and the quantities in p* are
defined. The only remaining variables have to do with
the electronic states [e.g., N(0) and Fermi surface], which
will emerge from band calculations.
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