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Abstract

We present a visual, intuitive connection between optical absorption line shapes and the underlying carbon nanotube structures.
Within the tight-binding model, the absorption spectra can be linked directly to plots of energy contours and transition dipoles of a
graphene sheet. Via two additional approaches, spectral features are shown only slightly altered by electronic correlations and o—n
orbital rehybridization. Despite dependence of electronic structures on chiral angles, it is proved that, if the tube diameter D is
greater than the C—C bond length a, the absorption spectra are determined by D to the lowest order in a/D.

© 2004 Elsevier B.V. All rights reserved.

In 1998, White and Mintmire [1] solved a puzzle
posed by Dresselhaus [2] on that the density of states
(DOS) is independent of translational unit cell sizes and
chiral angles of semiconducting carbon nanotubes [3].
Their discovery has been employed to interpret the ab-
sorption spectra and electron energy loss spectroscopy
(EELS) of a bundle of single-walled carbon nanotubes
(SWNTs) of similar sizes. The two lowest peaks were
assigned to the semiconducting SWNTs and the third
was attributed to the metallic tubes. The energies of the
three peaks are approximately 2¢|V,,.|, 3|V, and
8a11,,| with ¥,z the p, transfer integral between two
nearest carbon atoms. These interpretations, while likely
correct, has not been adequately scrutinized. Firstly, in
addition to the DOS, the absorption lineshape also has a
nontrivial dependence on the transition dipole moments
between pairs of valence and conduction bands. A finite
transition dipole projection along the direction of an
external field ensures the appearance of an absorption
peak which links two van Hove singularities in the DOS,
while a zero or negligible transition dipole moment gives
no absorption peaks even if the corresponding DOS
diverges. The transition dipole moments in the entire
Brillouin zone, however, have remained elusive in the
literature. Secondly, the conclusion of White and
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Mintmire [1] was based on a simple tight-binding model
which only considers explicitly the © electrons. Rehy-
bridization of ¢ and n orbitals and electronic correla-
tions [4] are known to affect the band structure, DOS
and transition dipoles, and may thus lead to substantial
changes of the absorption spectrum. Therefore, more
realistic calculations beyond the tight-binding model are
needed to examine the implications of White and
Mintmire’s discovery on the optical absorption. In this
Letter, we start with the tight-binding model and de-
termine the general absorption spectral features of
SWNTs from plots of the conduction (valence) band
contours and the transition dipole field lines of a
graphene sheet. We prove that to the lowest order in
a/D the absorption spectra of SWNTs are determined
mainly by their diameters instead of their chiral angles
within the tight-binding model. These findings are then
examined by including explicitly the electronic correla-
tions and the o—m orbital rehybridization in the frame-
work of the localized-density-matrix (LDM) method
[5,6] and the first-principles density-functional theory
(DFT) [7]. It is shown that these general spectral fea-
tures persist in the presence of electron—electron Cou-
lomb interactions and o—m orbital rehybridization, and
are thus universal.

Carbon nanotubes are simply the rolled-up graphene
sheets. They are classified by their chiralities which are
labeled by the chiral vector C;, = na; + ma, with a; and
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a, the real space unit vectors of the hexagonal graphite
lattice. Consequently, their physical properties are clo-
sely related to those of the graphite [8]. In the tight-
binding model where only m electrons are considered,
the electronic structures of carbon nanotubes can be
derived directly from that of a graphene sheet. The band
spectra of a carbon nanotube are the intersects of a
graphene sheet’s conduction and valence energy surfaces
and a set of parallel planes perpendicular to the Brill-
ouin zone (see Fig. 1a). The hexagon in Fig. la is the
first Brillouin zone of a graphene sheet, and the parallel
lines, which are along the tubule axis T, are the inter-
sects between the Brillouin zone and the set of parallel
planes. The parallel lines shown in Fig. la are the al-
lowed states for a (5,5) SWNT. At K points the con-
duction (E;) and valence (Ey) bands join, and the energy
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difference E. — E, vanishes; at I" points E. — E, reaches
its maxima; and M points are the saddle points where
the energy difference is rather flat nearby. If one of the
intersects or parallel lines such as those in Fig. 1a goes
through a K point in the Brillouin zone, the tube is
metallic (n — m = 3k). Otherwise it is a semiconductor
(n —m = 3k + 1). The absorption spectra of SWNTs can
be similarly obtained from the optical properties of a
graphene sheet via a set of graphic tools, which will be
demonstrated below.

The optical responses of carbon nanotubes are highly
anisotropic [5,6], and the transition dipole along the
tubule axis T was found much larger than its component
perpendicular to the tubes. We consider here only the
scenario in which the external field is parallel to the
tubule axis (E||T), and thus the transition occurs
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Fig. 1. (a) The first Brillouin zone of graphene sheet. The parallel lines (along the tubule axis T) are the intersects between the Brillouin zone and the
parallel planes which are perpendicular to the Brillouin zone. They represent the allowed states for a (5,5) SWNT. (b) The contour plot of the
conduction band of the graphene sheet. The circle at the center of the first Brillouin zone is the I" point, and the six surrounding circles are the K
points where the conduction and valence bands join. (c) The transition-dipole field lines of graphene in the first Brillouin zone. The orientations of the
lines represent the directions of the transition dipoles at that particular k, and the lengths of the lines represent the sizes of the transition dipoles. The
transition dipole vanishes asymptotically on approaching the Brillouin zone center. The size of transition dipole reaches its maxima on lines con-

necting neighboring K points. A circular pattern is found around K points. (d) The contour plot of the oscillator strength \d|2

. The |d|* maxima are

located at M points (light area), and its minima, at the I' point (dark area).



Y. Zhao et al. | Chemical Physics Letters 387 (2004) 149—154 151

exclusively between the orbitals of the same momenta k
[9,10]. The corresponding contribution to the absorption
lineshape from excitations at the momentum k is de-
termined by two factors, namely, the transition dipole
projected along the tubule axis, T - d, and the nanotube
DOS for the corresponding conduction (valence) band
at k, which is precisely (T - VkEc)f1 [(T- VkEV)fl]. In
another word, the absorption intensity is proportional
to (T-d)*(T- VikE.) (T ViE,) . Fig. 1b depicts the
contour lines of the conduction band E.. When the tu-
bule axis is tangential to a contour line of E. at a given
k, (T-VkEc)f1 diverges, and a van Hove singularity
appears in the DOS. Since E; and E, are mirror images
of each other, (T - ViE,) " diverges as well at that k. If
the transition dipole between the valence and conduc-
tion orbitals has a nonzero projection along T at k, a
corresponding peak arises in the absorption spectrum.
Of particular interest are K and M points in the Brillouin
zone. An intersect through K does not cause a van Hove
singularity, but adjacent intersects do as noted by White
and Mintmire. For metallic SWNTs, two intersects with
a spacing % from the K point have van Hove singulari-
ties. Since the energy contours are nearly circular
around the K point (cf. Fig. 1b), E. — E, at both van
Hove singularities can be approximated by % |V},,|. For
semiconducting tubes, no intersect goes through K
points. The closest intersect to a K point is % from the K
point, and the next closest is % from the K point; and
E. — E, at the two van Hove singularities are 25‘1|me|
and 3|V,,,.|, respectively. Similarly, any intersects at the
M points or their vicinities may lead to van Hove sin-
gularities. Since the M points are saddle points where
E. — E, are relatively flat, transition energies linking
these van Hove singularities are approximately 2|V,,r|.
The transition dipole d between the valence-band
wave function |¢~ (k)) and the corresponding conduc-
tion-band wave function [¢pT(k)) are defined as
d = (¢p"(k)|er|¢p~ (k)). In Fig. 1c we plot the d field lines.
The external electric field is parallel to the intersects or
the parallel lines in Fig. la. Except when an intersect
(see Fig. la) is orthogonal to the d field line at mo-
mentum Kk, the transition dipole will have a nonzero
component along the external field. Since the d field lines
near the K points are, to the lowest order, circular in
pattern, any intersects in its vicinity are guaranteed not
to be perpendicular to the d field lines. It follows that
any transitions linking the van Hove singularities near the
K points are allowed. Therefore, armed with plots of the
conduction (valence) band contours and the transition
dipole field lines of a graphene sheet (Fig. 1b and c), we
have proven that the lowest energy peaks in both me-
tallic and semiconducting tubes depend mainly on the
diameter; for tubes of approximately the same diame-
ters, the two lowest energy peaks from the semicon-
ducting tubes are about 1/3 and 2/3 in energy,
respectively, when compared with the lowest energy

peaks from the metal tubes. The d field lines near an M
point are approximately parallel. If an intersect is per-
pendicular to the d field lines near one M point, due to
the existence of six equivalent M points in the first
Brillouin zone, the same set of intersects parallel to the
tubule axis will not be perpendicular to the field lines
near the other five M points. We thus expect to observe
the absorption peaks attributed to transitions at the M
points or in their vicinities with transition energies at
about 2 |V},|. As seen from Fig. 1d, a graphene sheet’s
oscillator strength which is proportional to |d|2 is mainly
concentrated near the Brillouin zone boundaries, i.e., in
areas connecting neighboring K points. Close to the
Brillouin zone center, the size of the transition dipole
vanishes asymptotically. Recently, Griineis et al. [11]
pointed out an intensity node in optical absorption
around the K points in the two-dimensional Brillouin
zone of graphite, which is in full agreement with the
transition—dipole plot, Fig. 1¢, and the contour plot of
the oscillator strength, Fig. 1d. The absorption proba-
bility nodes in Fig. 2 of [11], for example, can be re-
produced by simply combining Fig. 1c and d presented
here.

(6,4), (8,0) and (5,5) SWNTSs have similar diameters
which are 6.83, 6.26 and 6.78 A, respectively. According
to the tight-binding theory, (8,0) and (6,4) are semi-
conductors while (5,5) is a metal. In Fig. 2a we plot the
tight-binding absorption spectra of (6,4), (8,0) and (5,5)
tubes. The first two groups of peaks at 0.42|V,;]|
(0.48|V,px) and 0.80[V,,x| (0.83|V,,x|) belong to the
semiconducting (6,4) [(8,0)] nanotube, and the third
peak at 1.18|V,,,| belongs to the metallic (5,5) tube. All
three tubes have large absorption peaks near 2|V,,,|. The
tight-binding result of Fig. 2a shows that the intensities
of the two lowest semiconductor peaks and the lowest
metal peak increase with peak frequencies, while ex-
perimentally, the opposite is found for bundles with
similar diameters [12]. The discrepancy can be attributed
to inhomogeneities in the SWNT bundles as well as
electronic correlation effects.

The first two peaks of (6,4) are 0.36 and 0.68 of the
lowest peak of (5,5) in energy, which are close to 1/3 and
2/3, respectively. The slight deviation stems from (1)
minor departure of the E. — E, contour from the cir-
cular feature near the K points, also known as the tri-
gonal warping effect [13]; (2) deviation of E. — E, from
its linear behavior as k moves away from the K point.
The trigonal warping effect is also responsible for the
spread in points in the Kataura plot [14]. (8,0) has a
smaller diameter so that its absorption spectrum is blue-
shifted compared to that of (6,4), and its first and second
peaks are 0.41 and 0.70 of the lowest peak of (5,5), re-
spectively. The tight-binding model that has been pre-
sented so far grossly simplifies the electronic dynamics
in the tubes. As earlier DFT studies have revealed, the
rehybridization of ¢ and m orbitals and interactions
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Fig. 2. The calculated absorption spectra from (a) the tight-binding
model (b) DFT calculations implemented by the WIEN97 code (¢) the
LDM algorithm are shown for carbon nanotubes of three chiralities:
(8,0) (solid lines), (5,5) (dashed lines), and (6,4) (dotted lines). (6,4) and
(8,0) are semiconducting, and (5,5) is metallic. 4 labels the energy
of the (5,5) SWNT’s first absorption peak: (a) 4 = 1.18|V},|, (b)
A=2.76¢eV, (c) 4 =2.34¢eV. A dephasing constant of 0.16 eV is used
to generate the LDM spectra.

among 1 orbitals caused by the curvature of the tube
lead to significant modifications of the electronic band
structures [15]. It is thus plausible that the rehybridiza-
tion and interactions may cause quantitative or even
qualitative alternations to the absorption spectra as
compared to the tight-binding results. Therefore, the
general absorption spectral features emerged from the
tight-binding studies need to be corroborated by more
sophisticated approaches.

Using the full potential linearized plane wave method
implemented in the WiEN97 code [7], we have carried
out the DFT calculations for two SWNTs: (5,5) and
(8,0). Exchange and correlation are included via the
local spin-density approximation (LSDA) within the
DFT using the Perdew—Wang parameterization [16].
Optical absorption spectra are calculated via the sum-

of-states approach taking into account pairwise inter-
band transitions [7]. The resulting absorption spectra are
shown in Fig. 2b. The lowest peak of the (5,5) nanotube
centers at ~2.76 eV, the lowest two peaks of (8,0) are
1.12 and 1.95 eV, which are 0.41 and 0.71 of the first
peak of (5,5) (2.76 eV), respectively. The DFT results of
(5,5) and (8,0) tubes therefore closely resemble those
from the tight-binding model. We conclude that the
tight-binding spectral features survive the inclusion of
o-7 orbital rehybridization as shown here by the first-
principles DFT calculations.

In addition to orbital rehybridization, electronic cor-
relations, which have not been accounted for explicitly so
far, may alter the spectral features. The LDM method
[5,6] which is size-consistent and based on the random
phase approximation considers fully single-electron ex-
citation configurations and partially multi-electron ex-
citation configurations. Since all valence electrons are
treated explicitly, the LDM calculation accounts for the
o-n orbital rehybridization as well. It has been used
successfully to calculate the absorption spectra of
SWNTs [17-19]. For instance, absorption spectra of
(5,5) and (9,0) SWNTs calculated by the LDM method
were found to be similar, which led to our earlier hy-
pothesis that the SWNT absorption line shapes are
mainly determined by their diameters [17-19]. The cal-
culated LDM absorption spectra of the (8,0) and (5,5)
SWNTs (CiasH g and Ci49 Hyg, respectively) are shown
in Fig. 2c. The lengths of the (8,0) and (5,5) SWNTs are
approximately the same (14.92 and 14.74 A, respec-
tively). The PM3 Hamiltonian is employed in the LDM
calculations. The first absorption peak of the (5,5) tube is
at 2.34 eV. The lowest two absorption peaks for the (8,0)
tube are 0.82 and 1.49 eV, which are 0.35 and 0.64 of
2.34 eV, respectively. Note the energy ratio between the
lowest two absorption peaks for the (8,0) tube is 1.82.
The LDM results are in approximate agreement with
those from the tight-binding model. Discrepancies be-
tween the LDM and tight-binding results for the (8,0)
SWNT may be attributed to electronic correlations and
size effects. Due to slight mismatches between the lengths
of the semiconducting and metallic SWNTs, one has to
be careful about a precise comparison between the LDM
metallic and semiconducting spectra (unlike the com-
parisons of the two lowest semiconducting peaks of the
same nanotube).

As mentioned earlier in the Letter, absorption mea-
surements and EELS lend support to the low-frequency
spectral features discussed here. The combined elec-
tronic properties of SWNT bundles have been studied
by the high-resolution EELS in transmission [20]. Low-
energy nondispersive features were attributed to the
energy separations of DOS singularities in the nanotu-
bes. The peak appearing in the optical conductivity at
1.8 eV was argued to originate from metallic nanotubes
in the bundles. Optical absorption spectroscopy on
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SWNT-containing soot shows peaks between 0.6 and 3
eV which are interpreted as interband transitions be-
tween the van Hove singularities [14]. The absorption
spectra of bundles of SWNTs of similar sizes have re-
cently been measured [21]. Three low-frequency bands
have been observed in the measured absorption spectra
of bundles of carbon nanotubes, among which the two
lowest bands were assigned to the semiconducting tubes,
and the third was attributed to the conducting nanotu-
bes. Our work here provides a rigorous proof to these
interpretations of the experimental results [20,14,21,22].
Most recently, spectrofluorimetric measurements on in-
dividual SWNTs isolated in aqueous surfactant sus-
pensions [23] delivered information on nanotube
chiralities in addition to that on diameters. Those
spectra revealed small deviations of absorption peaks’
dependence on diameter from linear relations for semi-
conducting nanotubes, and this can be accounted for
qualitatively by the tight-binding model. For instance,
Bachilo et al. [23] observed that the energy ratios be-
tween the second and first van Hove singularities, often
referred to as Ey/E (Ex and Ej label the second and
first van Hove singularities, respectively), deviate from a
central value in the opposite directions for semicon-
ducting nanotubes with (n —m) mod 3 =1 and those
with (n —m) mod 3 = 2. This can be explained by the
fact that for wave vectors sufficiently apart from the K
points, the energy slope along the K-I' lines is much
steeper than that along the K—M lines (cf. Fig. 1b and 3).
Although a consensus on the strength on the electron—
hole interaction has yet to emerge [26], that the central
value of the energy ratios E»/E; is found to be 1.75
[23,27] is attributed to electronic correlation effects
[23.4]. In contrast to the low-frequency features, com-
mon absorption peaks attributed to the M points remain
to be observed experimentally for SWNTs of various

sizes and chiralities. On the Kataura plot [14,13], the
width of each E; (D) curve (Ej; is the energy difference
between the ith van Hove singularities in the conduction
and valence bands) is determined by the zigzag SWNTs.
Again, the zigzag SWNTs with (n —m) mod 3 =1 and
those with (n —m) mod 3 = 2 deviate from each curve
center in opposite directions. Those with (n —m) mod
3=1 ((n—m) mod 3=2) form the lower (upper)
bounds of the E;; (D) curves.

More features in Fig. 2 of [23] can be explained in-
tuitively by the graphical tools developed here. In Fig. 3,
allowed states for a zigzag SWNT can be represented by
solid horizonal lines which are perpendicular to the
dotted vertical K-I" line. As the energy slope difference
on the two sides of the K point is the largest along the
vertical K-I" line among all lines going through the K
point (cf. Fig. 3), zigzag SWNTs exhibit highest devia-
tions of the energy ratios E/E|; from the value two.
Furthermore, for zigzag SWNTs, the energy ratio
Ex /Eq; for the case of (n —m) mod 3 = 2 [(n — m) mod
3 =1] is below (above) the value two, as clearly dem-
onstrated in Fig. 3a (Fig. 3b). On the other hand, for
metallic armchair nanotubes, for which the trigonal
warping effect is absent due to symmetry, the allowed
states are represented by lines that are parallel to the
tilted solid line connecting M and K points in Fig. 3a
(equivalent to the dashed parallel lines in Fig. 1a). For
non-armchair metallic SWNTs, the trigonal warping
effect brings about a splitting in the first absorption peak
in the tight-binding model. Phonon spectra have re-
cently been used to verify the existence of singularity
splitting in the joint density of electronic states in non-
armchair metallic SWNTs [24,25]. Among semicon-
ducting nanotubes, the one with n — m = 1 has allowed
states that are on lines with the smallest deviation angle
from the tilted M—K line in Fig. 3a, and consequently,

(b)
M p M M s M
r r
(n-m) mod 3 =2 (n-m)mod 3 =1

Fig. 3. Horizontal solid parallel lines are the allowed states in the Brillouin zone for (a) a zigzag nanotube with (n — m) mod 3 = 2, and (b) a zigzag
nanotube with (n —m) mod 3 = 1. Dashed parallel lines divide the distance between the solid lines into 3 equal parts. One of the two dashed lines
goes through the K point. The tilted solid line in (a) connecting the M and K points represents a part of allowed states for armchair nanotubes.

Dotted lines connect the K and I' points.
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Eyn/Ey for n—m =1 are closest to two. The set of
parallel lines representing allowed nanotube states are
not unique. Because of the sixfold symmetry of the
Brillouin zone, the angle 0 between the solid horizontal
lines in Fig. 3a and parallel lines representing allowed
states for any SWNT can be narrowly confined to be
within n/6. This implies that the energies of allowed
states for all non-armchair semiconducting SWNTs
distribute asymmetrically around the K points: differing
energy slopes of allowed states on the two sides of the K
point cause E»,/E;; to deviate from two, the direction of
which depends on whether (n — m) mod 3 equals 1 or 2.
As the angle 0 approaches n/6 ( for n —m =1, for ex-
ample), |E»/E1; — 2| minimizes. This also explains why
deviation of E/E|; from the value two increases with
n-m (and with |6 — ©t/6]) as observed in [23].

There have been several theoretical attempts to ex-
amine the absorption spectra of SWNTs. Lin et al., for
example, have studied the absorption spectra of bundles
of SWNTs via a tight-binding model. However, they
stressed the spectral differences caused by different chiral
angles [9,10,28,29] while we focus on an overall intuitive
connection between optical absorption line shapes and
the underlying carbon nanotube structures, and on the
common features dictated by the diameter to the lowest
order in a/D. The common spectral features appear only
when the tube diameter is much larger than the bond
length, ie., D> a. Our earlier LDM study [17-19] on
the 4 A SWNTs shows that the absorption spectra of the
(4,2), (3,3) and (5,0) SWNTs are distinct although their
diameters are virtually the same (4.2 , 4.1, and 3.9 A,
respectively). When D is comparable to a, adjacent &
orbitals overlap. The extent of the orbital overlaps de-
pends on the orientation along which the tube is rolled
up, and this leads to the spectral line shapes that are
sensitive to the chiral angles. With support from both
the DFT and LDM calculations we conclude that to the
lowest order in a/D, the simple tight-binding model
provides an accurate description of optical processes in
SWNTs. The diameters of the (5,5), (6,4) and (8,0)
SWNTs are modestly large compared to the C—C bond
length. Greater SWNT diameters are expected to bring
the DFT and LDM calculations into closer agreement
with the tight-binding results. In addition to its success
in describing the nanotubes’ band structures, the tight-
binding model provides a remarkably accurate overall
account of the SWNT absorption line shapes.

To summarize, this Letter provides a visual, intuitive
connection between optical absorption line shapes and
the underlying nanotube structures. Calculations based
on three distinctively different methods, the tight-bind-
ing model, the LDM and the DFT, result in common
absorption spectral features for SWNTs with diameters
much larger than the C—C bond length. These spectral

features survive o—m orbital rehybridization and elec-
tronic correlations, and are further supported by mea-
sured absorption spectra and EELS of SWNT bundles.
Recently, there have been measurements on individual
SWNTs in aqueous surfactant suspensions which
provide information that are sensitive to both SWNT
chiralities and diameters. More stringent tests on theo-
retical models will soon be available from Raman and
luminescence measurements which are being carried out
at the single-nanotube level.
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