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A multiscale quantum mechanics/electromagnetics
method for device simulations
ChiYung Yam,*ab Lingyi Meng,c Yu Zhangb and GuanHua Chenb
Multiscale modeling has become a popular tool for research applying to diﬀerent areas including
materials science, microelectronics, biology, chemistry, etc. In this tutorial review, we describe a newly
developed multiscale computational method, incorporating quantum mechanics into electronic device
modeling with the electromagnetic environment included through classical electrodynamics. In the
quantum mechanics/electromagnetics (QM/EM) method, the regions of the system where active
electron scattering processes take place are treated quantum mechanically, while the surroundings are
described by Maxwell’s equations and a semiclassical drift-diﬀusion model. The QM model and the EM
model are solved, respectively, in diﬀerent regions of the system in a self-consistent manner. Potential
distributions and current densities at the interface between QM and EM regions are employed as the
boundary conditions for the quantum mechanical and electromagnetic simulations, respectively. The
method is illustrated in the simulation of several realistic systems. In the case of junctionless field-eﬀect

Received 20th October 2014

transistors, transfer characteristics are obtained and a good agreement between experiments and
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simulations is achieved. Optical properties of a tandem photovoltaic cell are studied and the simulations
demonstrate that multiple QM regions are coupled through the classical EM model. Finally, the study of
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a carbon nanotube-based molecular device shows the accuracy and eﬃciency of the QM/EM method.

Key learning points
(1)
(2)
(3)
(4)

A multiscale scheme for studying the interactions between charge carriers and electromagnetic field in nanoscale devices.
The state-of-the-art computational methods for modeling static and dynamic electron transport.
Development and application of eﬃcient computational methods for complex systems.
Case studies on multiscale modeling of simulations of molecular electronics, field-eﬀect transistors, and photovoltaic devices.

1 Introduction
With the advent of modern computing, computational science
has emerged as a new area of scientific research over the past
decades. Diﬀerent from the traditional forms of research, it
tackles problems in various scientific disciplines through computer
simulations and analysis of mathematical models implemented in
computers. The advance in computer hardware, algorithms
and mathematical techniques allows theoretical models to be
implemented in computer programs for simulations which
were previously inaccessible and this enables computational
science to play an imperative role in various research fields.
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Given the increasing cost, and, sometimes impossibility (due to
technological limitations) of experimental studies; and the
complexity of mathematics in theoretical studies, computational
science is able to fill some of the open gaps which experiment or
theory alone cannot resolve. Today, experiment, theory and
computation are regarded as an equal and indispensable trilogy
to understand complex phenomena in science and engineering.
However, most problems in science and engineering involve
many scales in time and space. An example is chemical reactions
where the time scale of electron movements is of the order of
femtoseconds while it is common that reactions can take
seconds and minutes to occur. Another example comes from
microelectronics where the length scale of integrated circuits is
of the order of centimeters but the continuous miniaturization
of electronic devices requires modeling details at a nanometer
scale to correctly describe the transistors. A few hurdles lie ahead
and have to be surmounted in order to tackle these problems.
For instance, a simple attempt to represent all scales in the
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simulation of these problems will be doomed to failure due to the
enormous computational problems associated with unacceptably
long computation times and large memory requirements. On the
other hand, the physical and chemical properties of matter can
change dramatically in response to the variations in the fine
structures. Thus, simulations at a coarser level, ignoring the fine
details, may lead to physically incorrect results. The necessity
for an accurate treatment together with the limitation of
computational resources imposes some compromise. Under
these circumstances, multiscale methods provide alternative
approaches by applying additional simplifications to reduce the
total computational cost while retaining the accuracy for the
properties of interest. The rationale behind is that the properties
of interest are usually determined by a small portion of the
system while the rest will have considerably less importance.

Therefore, accurate treatment can be confined to the small
subsystem of interest and the environment will be included in a
more approximate manner. The most well-known example is
perhaps the quantum mechanics/molecular mechanics (QM/MM)
method1 in quantum chemistry, which uses the classical
Newtonian mechanics to track the movement of a multitude of
atoms, and quantum mechanics to describe the breaking and
forming of chemical bonds. To recognize its importance, the Nobel
Prize in Chemistry 2013 was awarded to Martin Karplus, Michael
Levitt and Arieh Warshel for their contributions to development of
multiscale models for complex chemical systems.
Mixed atomistic and continuum methods are common
multiscale approaches to model processes involving multiple
length scales in nanoscience.2–11 At the nanoscale, details of
atomistic disposition can be critical to the overall properties of
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the system. However, due to the atomic resolution, the modeling
capacity of atomistic models is restricted to rather small simulation
domains. One way to include appropriate multiple length scales
is to connect atomistic models with continuum models. The
polarizable continuum model (PCM)9 can be considered to be a
multiscale method to model solvation effects commonly used in
computational chemistry. In PCM, instead of explicit molecules,
the solvent is modeled as a polarizable continuum medium
which hosts solute molecules in its cavity. To study plasmon–
molecule systems, simultaneous treatment of multiple scales
can be achieved by a combination of classical electrodynamics
simulation of the plasmonic nanoparticle and a quantum
mechanical calculation of a nearby molecule.7,8 Multiscale
approaches have been recently applied to electronic devices,3–6
where quantum mechanical models12–17 are solved in conjunction
with classical electromagnetics.18–24 The requirement of atomistic
quantum description of nanoscale devices poses considerable
challenges for device simulation. Recently, a multiscale quantum
mechanics/electromagnetics (QM/EM) method has been developed,
which seizes upon the strengths of both QM and classical
methods.3–5 The QM/EM method provides a general framework
which allows the simultaneous treatment of multiple scales for
investigation of interactions between charge carriers and electromagnetic field in different nanoscale devices including field-effect
transistors (FETs), photovoltaic and plasmonic devices.
In this article, we review the multiscale QM/EM method for
nanoscale device simulations. The multiscale coupling scheme
is first introduced where the information exchange between
QM regions and EM regions is summarized. The quantum
transport theory for both static and dynamic responses is then
discussed, which is followed by a description of the coupled
electromagnetics semiconductor scheme. The method is highlighted in several applications to electronic devices including
junctionless field-eﬀect transistors (JFETs), silicon nanowire
(SiNW) photovoltaic devices and carbon nanotube (CNT) molecular
devices.

2 QM/EM method
Inspired by the success of the QM/MM method,1 a multiscale
QM/EM method is developed to model and simulate the electric
responses of electronic devices. In the QM/EM method, the
simulation domain is partitioned into a QM region that
requires quantum mechanical treatment and an EM region
where a classical description is suﬃciently accurate [see Fig. 1].
As demonstrated in the example of tandem cells in Section 3.2,
the QM/EM method may handle multiple QM regions. The QM
treatment provides a description of the device electronic structure,
while the EM treatment allows for the eﬃcient inclusion of the
wider environment and its influence on the device properties.
Practically, the whole simulation domain is discretized into regular
Cartesian meshes, where finer meshes are used in the QM region to
capture the atomistic details and coarser ones are adopted in the
EM region. The same physical quantities, i.e. potentials and carrier
densities, are obtained by solving the QM and EM equations in the
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Fig. 1 QM/EM simulation of a CNT molecular device. The QM region
(inner box) includes the atomistic details and is described by the QM
transport model. The remaining constitutes the EM region which is treated
classically.

corresponding models. Numerically, the atomistic description
in the QM region usually requires the QM equations to be
discretized in terms of atomic basis functions. Thus, two
discretization schemes are employed in the QM region, i.e.
Cartesian meshes and atomic basis functions. In practice,
physical quantities like potentials are projected onto atomic
basis functions to set up the Hamiltonian while quantities like
charge density and current density are projected onto the
Cartesian meshes for solving the EM equations.
Like the QM/MM method, the key issue lies in how the
interface between quantum and classical regions is treated. In
the QM/EM method, the QM and EM models communicate by
means of boundary conditions at the interface. Due to the
diﬀerent mesh sizes, when passing information between the
models, physical quantities obtained from the EM region are
interpolated to match the higher resolution in the QM region.
In return, the physical quantities obtained from the QM region
are integrated to fit the coarser meshes in the EM region. In this
way, QM and EM equations are coupled and solved concurrently.
As shown in Fig. 2, the EM treatment is responsible for providing
potentials for QM simulations as boundary conditions while the
QM model simulates the current density using the provided
boundary potentials. The current density is then back coupled to
the EM region as a boundary condition to satisfy the current
continuity equations. Specifically, Maxwell’s equations coupled
with drift-diﬀusion equations are first solved for the whole
simulation domain to obtain an initial guess. The potentials at
the interface between QM and EM regions are then taken as
boundary conditions for solving the QM equations. The QM/EM
method adopts the non-equilibrium Green’s functions (NEGF)
formalism to simulate quantum transport in electronic devices.
This can be combined with diﬀerent Hamiltonians, like densityfunctional theory (DFT),12 density-functional tight-binding
(DFTB)13 or empirical tight-binding,14 depending on the level
of accuracy. Through the quantum transport model, the current
density across the QM/EM interface can be simulated. The
obtained current density is then used as the boundary condition
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time integration of the corresponding equations of motion is done
in which the fourth-order Runge–Kutta method is commonly used.
It should be noted that besides exchange of energy between QM
and EM regions, the multiscale coupling scheme adopted in the
QM/EM method permits also flow of charge carriers across them.
In the following, we will review, respectively, the QM and EM
models adopted in QM/EM methods.
2.1

Fig. 2 Coupling scheme in the QM/EM method. Potential and current
density are used for information exchange between QM and EM models.
The yellow dotted line represents the QM/EM interface where boundary
conditions are imposed. The black dotted line marks locations where
external boundary conditions are imposed in EM simulations.

at the QM/EM interface for the next EM simulation. The classical
EM model solves again Maxwell’s equations and drift-diﬀusion
equations using the provided current density. It should be noted
that with the current density as the boundary condition, unlike
the first step, coupled Maxwell’s and drift-diﬀusion equations
are solved only in the EM region. A new potential distribution is
obtained and the interface potentials can be extracted for the
next QM simulation. The whole process is iterated until the
convergence of current density and potentials at the interface is
achieved. In this way, the interaction between the electronic
devices and the electromagnetic environment is taken into
account self-consistently.
In general, QM regions are embedded inside the EM region, thus
EM equations have to be solved with external boundary conditions
imposed (see Fig. 2). Specifically, the Dirichlet boundary condition
for scalar potential is applied to the external boundary where bias
voltage is added while the Neumann boundary condition is imposed
at the remaining area of the boundary. The boundary values of
carrier densities are determined by current continuity equations. For
vector potential, the Neumann boundary condition is imposed to
ensure that there are no outward pointing magnetic fields.
The QM/EM method is first developed to simulate steady
state properties.3 It is then extended to the time domain4 and the
frequency domain5 to study dynamic properties. The QM/EM
coupling scheme in frequency-domain simulation is essentially
the same as the static case, except that the frequency-dependent
variables become complex. In the cases of time-domain simulations of dynamic response, the QM and EM equations are solved
sequentially at every time interval along the time evolution.4
Similarly, charge density and potential distribution at the QM/EM
interface are used for communications between the models. At
each time step, the QM equation of motion is first solved to
evaluate the current density. It is then utilized as the boundary
condition for solving the EM equation of motion and the potential
distribution for the next time step is obtained. The procedures are
repeated to obtain the whole time trajectory. Within each model,
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In the QM/EM method, the QM region of the simulation
domain encompasses the part where electron scattering processes
take place. The system in the QM part is further divided into the
contact and device regions where an arbitrary number of contacts
can be included. The contacts are semi-infinite and they are
assumed to have bulk properties. As mentioned in the previous
section, the QM model is responsible for providing the current
densities to the classical EM model while utilizing the potential
distribution calculated from the EM model as the boundary
condition. Techniques based on the NEGF formalism15 provide a
natural framework for treating quantum transport in nanoscale
electronic devices. It allows the computation of charge density and
tunneling current flowing between contacts under non-equilibrium
conditions where the system is biased by an external field.
In an out-of-equilibrium situation, the single particle
Green’s function G(t,t 0 ) satisfies the equation of motion,


d
i
h  Htot ðtÞ Gðt; t 0 Þ ¼ dðt  t 0 Þ
(1)
dt
where Htot represents the Hamiltonian of the system. Without
loss of generality, we consider systems containing a device with
two contacts. It is further assumed that there is no direct
interaction between contacts. Expressed in the atomic orbital
basis, the Hamiltonian can be partitioned as
2
3
HL HLD
0
6
7
6
7
Htot ¼ 6 HDL HD HDR 7
(2)
4
5
0
HRD HR
where HL, HR and HD represent the left contact Hamiltonian,
the right contact Hamiltonian, and the device Hamiltonian,
respectively. HLD, HRD, HDL and HDR correspond to the coupling
matrices between the device and contacts. Potential distributions
in the QM region are required to construct the Hamiltonian and
this is obtained by solving Poisson equations with boundary
conditions provided by the classical EM model. In principle,
vector potential has to be included in the Hamiltonian in the
framework of quantum electrodynamics. For simplicity, our
quantum transport model adopts a semi-classical approach.
The vector potential in the QM region is obtained by solving
Ampere’s equation, cf. eqn (51) below, with the quantum
mechanically simulated current density.
G(t,t 0 ) contains all the information about the system from
which we can extract the required properties. In particular,
projected on real space, its lesser component gives rise to the
electron density
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and the total current Ja(t) passing through the contact a can be
evaluated accordingly,
ð
d
Ja ðtÞ ¼ e dr rðr; tÞ
(4)
dt
a
where the space integral extends over the contact a. Current Ja
will then be back coupled to EM simulations as the boundary
condition.
2.1.1 Steady state quantum transport. In cases when steady
states are concerned, Green’s functions rely only on the diﬀerence of the two time variables. We can thus Fourier transform
the time diﬀerence coordinate (t  t 0 ) to energy,
Ð
0
Go(E) = d(t  t 0 )eiE(tt )/hGo(t  t 0 ).
(5)
The retarded and advanced components in energy domains
can be obtained accordingly.
2.1.1.1 Coherent transport. We first consider coherent transport
where electrons are scattered elastically and there is no phasebreaking during the electron transport across the system. By
defining the self-energy matrix for the contacts
Sar,a(E) = (ESDa  HDa)g r,a
a (ESaD  HaD),

(6)

where superscripts r and a correspond to retarded and advanced
quantities, respectively. We can express Green’s function of the
device region as
GrD ðEÞ ¼ Gay
D ðEÞ ¼
and
Sr ðEÞ ¼

1
ESD  HD  Sr ðEÞ

X

Sra ðEÞ:

(7)

(8)

It should be noted that eqn (7) involves matrices with the
dimension of the device region only. Here, S is the overlap
matrix and gar,a is the surface Green’s function of the contact a.
The contacts are assumed to be semi-infinite periodic lattices
and the surface Green’s function can be evaluated eﬃciently
by applying the renormalization method.25 In eqn (7),
HD is the isolated device Hamiltonian and the self-energies
Sra account for the eﬀect of the contact a on the device,
which serves as the open boundary condition. Under nonequilibrium conditions, the potential profile in the device
region has to be adjusted to conform with the charge density
changes. For closed systems, where the electrostatic potential
is usually considered as zero at infinity, the Hartree potential
V(r) is given by
ð
rðr0 Þ
VðrÞ ¼ dr0
(9)
jr  r0 j
while in the QM/EM method, the potential distributions at the
interface are set by classical EM simulations. The potential
distribution in the device region is instead obtained from the
Poisson equation
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where
r
o
a
Go
D (E) = GD(E)S (E)GD(E).

(10)

(12)

Here, the subscript D denotes matrices corresponding to the
device region. The lesser self-energy, So(E), represents injection
of charges from the contacts. Eqn (10) and (11) are solved
iteratively to achieve self-consistency of Hamiltonian and
Green’s function. For coherent transport, the NEGF formalism
reduces to the traditional Landauer transmission formalism16,17
and the current flowing through the electronic device between
contacts a and b can be evaluated via
ð


2e 1
Jab ¼
dETab ðE; DVÞ fa ðEÞ  fb ðEÞ
(13)
h 1
where fa is the Fermi–Dirac distribution for contact a with
chemical potential ma, and T(E,DV) is the transmission coefficient at energy E under bias voltage DV. The transmission
coefficient is related to Green’s functions by
Tab(E,DV) = Tr[Ga(E)GrD(E,DV)Gb(E)GaD(E,DV)]

a

r2V(r) = 4pr(r).

Eqn (10) can be solved in real space using a threedimensional multigrid algorithm. It is noted that recent eﬀort
has also been devoted to develop a linear-scaling solver for the
Poisson equation in two-dimensional systems.26 The Hamiltonian matrix is then updated with the new potential profile and
the density matrix s is constructed using lesser Green’s function Go(E)
ð
i 1
dEGDo ðEÞ
(11)
sD ¼ 
2p 1

(14)

where G(E) is the line-width function or coupling between the
device and the leads at energy E,


(15)
Ga ðEÞ ¼ i Sra ðEÞ  Saa ðEÞ :
2.1.1.2 Incoherent transport. The NEGF technique allows
the treatment of coherent and incoherent transport within a
unified mathematical framework. In cases when electrons are
scattered inelastically by phonons or photons, the eﬀects of
electron–phonon and electron–photon interactions can be
included through self-energies,
o,>
So,>
ho) + (N + 1)Go,>
ho)]M
ep (E) = M[NGD (E 8 
D (E  

(16)

G>D(E)

is the greater device Green’s function, giving the
where
spectral density of unoccupied states. Since both photons and
phonons are bosons and subjected to Bose–Einstein statistics,
their interactions with electrons have similar properties and
result in the same expression as for the self-energies. M stands
for the electron–phonon or the electron–photon coupling
matrix, depending on the type of interaction. It is noted that
self-energy in eqn (16) is dependent on Green’s function.
Eqn (16) is thus non-linear and has to be solved selfconsistently. In the limit of weak interaction, the lowest order
expansion to the self-energy can be adopted27 where the bare
Green’s functions are used to construct the self-energy and
device Green’s function as follow
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% o,>
% o,>
So,>
ho) + (N + 1)G
ho)]M
ep (E) E M[NG
D (E 8 
D (E  
"
#
X
r
a
S o ðEÞ þ S o ðEÞ G ðEÞ:
G o ðEÞ  G ðEÞ
D

a

D

ep

(17)
(18)

D
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a

% D(E) corresponds to steady state
In eqn (17) and (18), G
Green’s functions without the influence of photons or phonons
while Green’s function GD(E) includes inelastic scattering
eﬀects at the lowest order.
The tunneling current flowing between contacts including
the inelastic scattering eﬀects can be expressed as
ð

2e dE  o
Ja ¼
(19)
Tr Sa ðEÞGD4 ðEÞ  Sa4 ðEÞGDo ðEÞ ;
h 2p
By substitution of eqn (18) into the above equation, the
tunneling current can be divided into two parts. In addition to
the elastic part given by eqn (13), an inelastic part arises due to
the phonon/photon scattering
ð
ð
 2e
2e dE 
r
a
Tr Ga ðEÞGD ðEÞGeff ðEÞGD ðEÞ 
dET inel ðEÞ
Jainel ¼
h 2p
h
(20)
where T inel(E) is defined as the inelastic transmission coeﬃcient and Geﬀ (E) = i{ fa(E)S>ep(E)  [ fa(E)  1]So
ep(E)}. Thus,
Jinel
corresponds to the phonon/photon induced current.
a
2.1.2 Frequency-domain AC quantum transport. Dynamic
properties can be described either in real time or in frequency
domain. An alternating current (AC) quantum transport
theory was developed recently which satisfies both gauge
invariance and current continuity.28 In the frequency domain,
Green’s function and self-energy can be partitioned into
two parts:
Gr,a,o
(E,E 0 )
D

=

% r,a,o
G
(E,E 0 )d(E
D

 E0) +

dGr,a,o
(E,E 0 )
D

(21)

The induced frequency dependent potential, dV(o), is then
obtained by solving the the Poisson equation [eqn (10)] with the
corresponding induced frequency dependent charge density,
dr(r,o). Eqn (10) and (23)–(25) are then solved self-consistently.
It has been shown that the self-consistency of the charge
density and potential distribution is the key to ensure gauge
invariance in AC transport.28
To obtain the frequency dependent current across the
system, eqn (33) is transformed into the frequency domain
via a double-time Fourier transform,
ð ð
2e dE dE 0  r
Ja ðoÞ ¼
ho; E 0 ÞSao ðE 0 ; EÞ
Tr GD ðE þ 
h 2p 2p
ho; E 0 ÞSaa ðE 0 ; EÞ
þ GDo ðE þ 


Sao ðE



Sra ðE

þ
ho; E

0

(26)

ÞGaD ðE 0 ; EÞ


þ
ho; E 0 ÞGDo ðE 0 ; EÞ :

Within the WBL approximation and the linear response
regime, eqn (26) can be simplified as28
ð
2e
dE ½ f ðEÞ  f ðE þ 
hoÞ
Ja ðoÞ ¼
h
a
r
 Tr½ieGD ðEÞGa ðEÞGD ðE þ 
hoÞDVa



e a
r
G ðEÞGa ðEÞGD ðE þ 
þ
hoÞGb ðEÞ DVa  DVb
ho D

a

(27)

r

þ idVðoÞGD ðEÞGa ðEÞGD ðE þ 
hoÞ:

 ðE þ hoÞ
þ GD ðE þ hoÞS

In practice, a small-signal technique is employed where a direct
current (DC) bias voltage is applied to drive the system out of
equilibrium and a small AC bias is applied as a perturbation
around this bias operating point. The former one corresponds to
the steady state solution which is first obtained by solving eqn (10)
and (11). Thus, the frequency dependent current can be readily
evaluated using the steady state Green’s functions at DC bias
% r,a
voltage G
D and the self-consistently determined potential dV(o).
2.1.3 Transient quantum transport. As mentioned before, one
can also follow the time evolution of Green’s function, i.e. eqn (1),
to access the dynamic responses of the system. We consider the
lesser component of Green’s function. Assuming in the orthogonal
basis representation, it follows the equation of motion,

 X
d
a ðt; t 0 Þ
i
h GDo ðt; t 0 Þ ¼ HD ; GDo ðt; t 0 Þ þ
(28)
Q
dt
a

 dGaD ðE þ ho; EÞ

% a(t,t0 ) is given by
where Q

 r;a; o ðE; E 0 ÞdðE  E 0 Þ þ dSr;a; o ðE; E 0 Þ: (22)
Sr;a; o ðE; E 0 Þ ¼ S
% D is defined as the equilibrium or
As in Section 2.1.1.2, G

steady state Green’s function without the AC bias and S
corresponds to the equilibrium or steady state self-energy.
dGD and dS are induced Green’s function and self-energy due
to the AC voltage. In the linear response regime, the system is
assumed to be excited by a sinusoidal perturbation with
small amplitude and the induced lesser Green’s function is
given by
r
a
dGDo ðE þ ho; EÞ ¼ GD ðE þ hoÞdSo ðE þ ho; EÞGD ðEÞ
o

a

 ðEÞG ðEÞ
þ dGrD ðE þ ho; EÞS
D
r

o

(23)

and the induced lesser self-energy can be expressed as
dSao ðE þ ho; EÞ
¼

In analogy to the steady state [eqn (11)], the induced density
matrix is obtained from the induced lesser Green’s function,
ð
i
dsD ðoÞ ¼ 
dEdGDo ðE þ 
ho; EÞ
(25)
2p

ipeDVa
½ fa ðEÞGa ðEÞ  fa ðE þ hoÞGa ðE þ hoÞ:
ho
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(24)

a;mn ðt; t 0 Þ ¼
Q

X

o
Hmk ðtÞGD;kn
ðt; t 0 Þ:

(29)

k2a

% a(t,t 0 )
Following the NEGF technique,15 as in static cases, Q
can be rewritten in a form that incorporates only matrices with
the dimension of the device region
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1
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dt Sra ðt; tÞGDo ðt; t 0 Þ þ Sao ðt; tÞGaD ðt; t 0 Þ (30)

0
where Sr,a,o(t,t 0 ) and Gr,a
D (t,t ) are the time-domain counterparts
of eqn (6) and (7), respectively.
Instead of Green’s function, a significant simplification can be
achieved by solving the reduced density matrix for the device region
sD(t), which is dependent only on a single time variable. The quantity
s(t) is precisely the lesser Green’s function with identical time variables,

s(t) = iGo(t,t 0 )|t=t 0 .

(31)

Thus, the equation of motion for sD(t) can be obtained from
eqn (28) as
X
d
ih sD ðtÞ ¼ ½HD ðtÞ; sD ðtÞ  i
Qa ðtÞ:
(32)
dt
a
% a(t,t ) + h.c.]t 0 =t. The transient current across the
where Qa(t) = [Q
system can be evaluated from the trace of the matrix Qa (ref. 29)
ð
d
2e
Ja ðtÞ ¼  e dr nðr; tÞ ¼  Tr½Qa ðtÞ
dt
h
a
ð1

2e
(33)
¼
dtTr GDo ðt; tÞSaa ðt; tÞ þ GrD ðt; tÞSao ðt; tÞ
h 1

 Sra ðt; tÞGDo ðt; tÞ  Sao ðt; tÞGaD ðt; tÞ

and the history of the applied voltage is tracked with the
propagator Ua(t)
 ðt
(38)
Ua ðtÞ ¼ exp i dt½HD ðtÞ þ Sr  DVa ðtÞ :
0

With the expression given in eqn (36), the equation of
motion of the density matrix [eqn (32)] can be readily solved.
2.1.3.2 Equation of motion for first- and second-tier dissipation
matrices. Alternatively, Qa can be written in terms of first-tier
and second-tier dissipation matrices
ð


Qa ðtÞ ¼ i dE ja ðE; tÞ  jya ðE; tÞ
(39)
and eqn (32) can be rewritten as

0

Although eqn (30) contains matrices with only the dimension of
the device region, solving Q(t) is computationally demanding due to
the two-time quantities involved. For practical purpose, two numerical schemes for Q(t) can be adopted: the adiabatic wide-band-limit
(AWBL) approximation29 and the hierarchical equation of motion
(HEOM)30–32 for single-electron density matrices.
2.1.3.1 Adiabatic wide-band-limit approximation. Within the
AWBL approximation, the retarded and advanced self-energies
become local in time,
Sar,a(t,t 0 ) = 8id(t  t 0 )La(EF)

1

where DVa is the applied voltage on contact a. Substitution of
eqn (34) and (35) into eqn (30) results in
(36)

The curly brackets denote an anticommutator. Invoking an
adiabatic approximation,29 Pa(t) is given by
ð EF
2i
eiEt
La ðEF ÞUa ðtÞ
Pa ðtÞ ¼
dE
p
E  HD ð0Þ  Sr
1
ð


2i EF
1

dE I  Ua ðtÞeiEt 
p 1
E þ DVa ðtÞ  HD ðtÞ  Sr
(37)
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d
sD ðtÞ ¼ ½HD ðtÞ; sD ðtÞ
dt
Xð 

dE ja ðE; tÞ  jya ðE; tÞ :


(40)

a

where j is the first-tier dissipation matrix and its equation of
motion can be expressed as
d
i
h ja ðE; tÞ ¼ ½HD ðtÞ  E  DVa ðtÞja ðE; tÞ
dt
þ ½ fa ðEÞ  sD La ðEÞ
Xð
dE 0 ja;a0 ðE; E 0 ; tÞ:
þ

(41)

a

The second-tier dissipation matrix ja,a0 (E,E 0 ,t) arises and
follows the equation of motion
i
h

d
j 0 ðE; E 0 ; tÞ ¼ La0 ðE 0 Þja ðE; tÞ  jya0 ðE 0 ; tÞLa ðEÞ
dt a;a
 ½E þ DVa ðtÞ  E 0  DVa0 ðtÞja;a0 ðE; E 0 ; tÞ

(34)

where La = Ga/2 and Ga(EF) is given by eqn (15) evaluated at the
Fermi energy, EF. The lesser self-energy then becomes
 ðt
2i
o 0
Sa ðt ; tÞ ¼ La ðEF Þ exp i dtDVa ðtÞ
p
t0
(35)
ð1
0
dEfa ðEÞ exp½iEðt  t Þ:


Qa ðtÞ ¼ fLa ðEF Þ; sD g þ Pa ðtÞ þ Pya ðtÞ

i
h

(42)
For non-interacting systems, this hierarchy terminates exactly at
the second tier without any approximation.33 Thus, the dynamic
response of the non-interacting systems, like Kohn–Sham reference
systems, can be obtained exactly by solving eqn (40)–(42).
Numerically, a Lorentzian–Padé decomposition scheme for
the self-energy is adopted31 where the line-width function is
expanded by Lorentzian functions and the Fermi–Dirac function is expanded by the Padé spectrum decomposition.34
La ðEÞ 

Nd
X

wd 2
 a;d ;
L
ðE  Od Þ2 þ wd 2
d¼1

(43)

N

fa ðE  ma Þ 

p
Rp
Rp
1 X
:
þ

2 p¼1 E  ma þ izp E  ma  izp

(44)

The self-energy is then rewritten in a summation form using
the residue theorem and the energy integral in eqn (40)–(42)
can thus be solved numerically.
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Classical EM models

The EM region is treated with classical continuum models and
constitutes an electromagnetic environment in the QM region.
The basic equations governing the spatial and temporal evolution of electromagnetic fields in diﬀerent media are given by
Maxwell’s equations,18
Gauss’s law:
r(eE) = r.

The constitutive equations relating current J to electric field
and carrier densities are determined by the material under
consideration. For conductors, J is given by Ohm’s law
J = sE,

and for semiconductors, the current is obtained from the driftdiﬀusion model and is split into electron and hole currents,
Jn ¼ qmn nE þ kTmn rn;

(45)

rB = 0.

(46)

Maxwell–Faraday’s law:
@B
:
@t

(47)

Maxwell–Ampere’s law:
r

B
m

¼Jþ

@
ðeEÞ:
@t

B ¼ r  A;
E ¼  rV 

(49)

@A
:
@t

Eqn (45) and (48) can be rewritten as

@A
 r ¼ 0:
r  e rV 
@t

(50)

and


1
ðr  AÞ  J  JD ðtÞ ¼ 0;
m

(51)


@
@A
e rV 
@t
@t

(52)

JD ðtÞ ¼

:

where JD is defined as the displacement current. The reason for
using a potential description is two-fold. First, in the potential
formulation, a vector problem (electric field E) is reduced to a
scalar one (scalar potential V). Second, the potential solutions
are directly related to the commonly used physical quantities
found in experiments. The arbitrariness in the definition of the
scalar and vector potentials however necessitates an appropriate gauge condition. Without loss of generality, the Lorentz
gauge condition is employed,
@V
r  A þ me
¼ 0:
@t
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where n and p are the electron and hole densities. mn and mp are
the corresponding mobilities and q is the elementary charge. k
denotes the Boltzmann constant and T the temperature. For
dielectrics, there are no free charge carriers and therefore
current can be neglected.
The current continuity equation should be satisfied in all media,
Conductors:
rJþ

(48)

where E, B, J and r denote electric field, magnetic field, current
density and charge density, respectively. e and m correspond to
permittivity and permeability, respectively. In our implementation, a potential formulation of Maxwell’s equations is adopted
where an electric scalar potential V and a magnetic vector
potential A are introduced. From eqn (46) and (47), we may
express the magnetic field and electric field as,

r

(55)

Jp ¼ qmp pE  kTmp rp

Gauss’s law for magnetism:

rE ¼

(54)

(53)

@r
¼ 0:
@t

(56)

Semiconductors:
@n
r  Jn  q ¼ 0;
@t

(57)

@p
r  Jp þ q ¼ 0:
@t
Here, we neglect recombination and generation of charge
carriers in semiconductors. In cases when charge recombination and generation are concerned, e.g. in photovoltaics, the
corresponding rates can be readily included in the RHS of
eqn (57). The current continuity equations provide solution of
the variables n and p and they are combined to give the total
charge density
r = q( p  n + ND  NA)

(58)

where ND and NA are the donor and acceptor concentrations
due to the doping, respectively.
In practice, the system is discretized into regular Cartesian
meshes as shown in Fig. 3. All independent scalar variables are
assigned to each node while vector variables are associated with
the connections between nodes which are called links hereafter.19 For instance, each link between nodes i and j is
associated with a gauge vector field variable, Aij = Aêij where
êij is a unit vector in the direction of the link. In that way, the
original vector variables are replaced by their scalar projections
along individual links. Based on the finite volume method
(FVM), a mimetic discretization of diﬀerential operators is
adopted to ensure local charge conservation.4,19 For the semiconductors, the Scharfetter–Gummel discretization scheme35 is
adopted to solve the drift-diffusion equations numerically.
2.2.1 Steady state EM model. For steady states, all terms
involving time derivative vanish. Thus, Maxwell’s equations
reduce to Poisson equations,
r(erV) + r = 0

(59)
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In cases when optical properties are of interest, e.g. plasmonic and photovoltaic systems, the polarization of the system is
taken into account via dielectric constant,
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e = e0(1 + w)

(65)

where e0 is the permittivity of free space. The electric susceptibility w is frequency dependent and may be described by the
Drude model,
w¼

Fig. 3 Discretization of the simulation domain into regular Cartesian
meshes. Scalar variables, V, n and p, are assigned to individual nodes.
Vector variables, A and J, are assigned to links (connections between
nodes).

op 2
þ igo

(66)

Here, op denotes the plasma frequency and g represents a
characteristic collision frequency.
J and r can be determined by the constitutive equations that
are given by
r  J þ ior ¼ 0;
(67)
J ¼ sðrV  ioAÞ:
for conductors and

and the current continuity equations are expressed as
Conductors:
r(srV) = 0.

o2

r  Jn  iqon ¼ 0;
(60)

r  Jp þ iqop ¼ 0;
(68)
Jn ¼ qmn nðrV  ioAÞ þ kTmn rn;

Semiconductors:
r  ½qmn nðrVÞ þ kTmn rn ¼ 0;


r  qmp pðrVÞ  kTmp rp ¼ 0:

Jp ¼ qmp pðrV  ioAÞ  kTmp rp;
(61)

It should be noted that at the QM/EM interface, the current
obtained from QM simulations, cf. eqn (13), should satisfy
current continuity equations. Thus,
r(JQM + JEM) = 0,

(62)

for all QM/EM interface nodes, where JQM and JEM denote the
current density obtained from QM and EM models, respectively.
Numerically, eqn (59)–(62) are solved based on the Newton–
Raphson technique to obtain the scalar variables, n, p and V at
every node. In particular, scalar potential V at the QM/EM
interface will be transferred to the QM model as the boundary
condition for subsequent calculations.
2.2.2 Frequency-domain EM model. Analogous to the QM
model, the EM model can be solved in both time domain and
frequency domain for dynamic properties. In the frequency
domain, the potential description becomes
r½eðrV  ioAÞ  r ¼ 0;

1
r  ðr  AÞ  J  JD ðoÞ ¼ 0;
m

(63)

rA þ iomeV ¼ 0:
where o is the operation frequency. The displacement current
in the frequency domain reads
JD(o) = ioe(rV  ioA).

This journal is © The Royal Society of Chemistry 2015

(64)

for semiconductors. Again, current continuity equations should
be satisfied across QM and EM regions at the QM/EM
interface nodes.
Parallel to QM simulations in Section 2.1.2, the system is
biased at a given operating point and the linear response to a
small harmonic perturbation is considered. The former one is
obtained from static solution of equations given in Section 2.2.1.
In particular, the vector potential A can be determined from
the static current. Starting with the static solution, diﬀerent
independent variables X (i.e., A, V, n and p) can be rewritten as
summation of a static part and an AC part
X = XDC + XACeiot.

(69)

Performing a Taylor series expansion and keeping only the
linear terms, the equations that determine the amplitudes and
phases of the harmonic perturbations are obtained. The same
as static equations, eqn (63), (67) and (68) are solved iteratively
using the Newton–Raphson technique.
2.2.3 Time-domain EM model. In time-domain simulations, the EM equations are propagated to obtain the trajectories of all independent variables. The equations of motion
(EOMs) for scalar potential and vector potential are given by
Lorentz gauge conditions and Ampere’s equations, respectively,
@V
rA
¼ 
;
@t
me

@2
1
@ðerVÞ
ðr  AÞ þ J 
:
ðeAÞ
¼

r

2
m
@t
@t

(70)
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EOMs for charge densities are given by current continuity
equations and drift-diﬀusion equations,

@n
@A
¼ r  qmn n rV 
þ kTmn rn ;
q
@t
@t
(71)

@p
@A
 kTmp rp ;
q ¼  r  qmp p rV 
@t
@t
For optical properties, the frequency dependent susceptibility
gives rise to an extra contribution to the total current,
JP = ioe0wE,

(72)

where JP is defined as the polarization current and its EOM is
given by
@JP
@A
:
¼ gJP þ e0 op 2 rV 
@t
@t

(73)

Similar to frequency-domain simulations in Section 2.2.2,
the initial conditions for time propagation are provided by the
static solution given in Section 2.2.1. The initial vector potential
can be derived from eqn (51) by setting the displacement current
to zero. Practically, time integration of the EOMs may be
performed by the commonly used fourth-order Runge–Kutta
method. Similarly, the time-dependent current density obtained
from eqn (33) should satisfy current continuity equations at the
QM/EM interface nodes.

3 Illustrative examples
3.1

Junctionless field-eﬀect transistors

The existing transistors rely on the use of semiconductor
junctions. The statistical nature of distribution of the dopants
in the semiconductor imposes technological challenge for the
formation of ultrashallow junctions with high doping concentration
gradients. Recently, JFETs were fabricated with no PN junction and
no doping concentration gradient,36 which eliminates the diﬃculties
in fabricating the ultrashallow junctions. These devices have full
complementary metal-oxide-semiconductor (CMOS) functionality
and are made using silicon nanowires (SiNWs). With a tri-gate
structure, JFETs provide better gating control and are found to have
a superior subthreshold slope and low leakage voltage. Computational studies also find that JFETs exhibit better subthreshold
behavior than classical inversion-mode transistors. The key to
fabricate a JFET lies in the formation of a semiconductor layer
which is narrow enough to allow full depletion of carriers when the
device is turned oﬀ and on the other hand heavy doping is needed to
allow for a decent amount of current flow when the device is turned
on. The experimental realization of JFETs potentially alleviates the
increasingly diﬃcult fabrication challenge in the semiconductor
industry. The smallest JFET reported has a diameter down to 4 nm.37
Computational studies oﬀer an opportunity to help interpret
experimental data and to provide further insight into optimization of the performance of this class of electronic devices. The
QM/EM method has been applied to simulate realistic JFETs
with dimensions comparable to experiments.38 The structure of
the JFETs in the simulations is shown in Fig. 4, which is divided
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Fig. 4 (a) An illustration of domain separation in the QM/EM method. The
QM region (inner box) contains the atomistic SiNW and is described by the
quantum transport model and the remaining EM region, comprising gate
dielectrics and source/drain, is treated classically. (b) Cross-section of a
25 nm long SiNW JFET. Permission obtained from ref. 38.

into QM and EM regions. The QM region contains an atomistic
SiNW as the conducting channel described at the DFTB level,
while the dielectric oxide, gate, source, and drain electrodes
constitute the EM region. As shown in Fig. 4(a), the device has a
gate-all-around (GAA) architecture. For direct comparison with
experiments, a SiNW with a length of 25 nm and a cross-section
of 5 nm by 2.5 nm was used in the simulations, giving rise to
a total of 15 616 atoms in the QM region. A [110]-oriented
SiNW with hydrogen-terminated surfaces was adopted in the
simulations. To model doped SiNWs, silicon atoms are substituted
by arsenic and gallium atoms for n-type doping and p-type doping,
respectively. Four dopants were evenly distributed in the channel
which corresponds to 1.3  1019 cm3 doping concentration for a
20 nm long channel. The QM region is enclosed in an EM region
with a dimension of 37  33  30.5 nm3, comprising dielectric
oxide and the electrodes. Following ref. 37, a 14 nm-thick eﬀective
gate oxide and a 20 nm-length gate are adopted in the EM region.
Silicon dioxide is used as the gate dielectric, and n-doped silicon is
used for the source and the drain. Experimental values are adopted
in the EM model where dielectric constants for silicon dioxide and
silicon are 3.9 and 11.9, respectively. The mobility is 0.045 and
0.15 m2 V1 s1 for holes and electrons, respectively. A temperature
of 300 K is used throughout the simulations. The Dirichlet
boundary condition is applied to the contact region while the
Neumann boundary condition is applied to the remaining part.
A 50 mV drain bias and various gate voltages are applied to obtain
transfer characteristics of the JFETs. In the QM/EM method, the
EM simulations provide the electrostatic environment for JFETs
where the quantum transport equations are solved.
Fig. 5 plots the transfer characteristics for the JFETs for both
p-type and n-type doping SiNWs. The red curve represents the
QM/EM simulation results for As-doped SiNW. Giving the same
ON/OFF ratio, the result shows that a good agreement is obtained
between QM/EM simulations and experiments.37 The simulation
results reproduce correctly the transfer characteristics of JFETs
obtained from experiments, which justifies the accuracy of
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Fig. 5 Drain current versus gate voltage for n-type JFETs (red line) and
p-type JFETs (blue line).

the QM/EM method. Fig. 5 shows also the simulation results for
p-typed JFETs. Both types of JFET show good electrostatic control
and subthreshold characteristics. Based on the QM/EM simulation
results, a circuit simulation of an inverter consisting of a p-type
JFET and a n-type JFET has been performed.38 Fig. 6 depicts the
local densities of state (LDOS) in the channel of the n-type JFET at
gate voltages of 0.6 V and 0.9 V. The strong peaks at 5 nm
correspond to the impurity states due to the dopants. In the vicinity
of the source–drain bias window, the impurity states give rise to the
conduction channel. It is noted that at 0.6 V gate voltage, the
impurity states are well-located within the bias window, which
corresponds to the ON state of the JFET. They are then pushed out
of the bias window when the gate voltage is decreased to 0.9 V,
leading to a three order of magnitude reduction in the conduction
current and corresponding to the OFF state.
The above example demonstrates that the QM/EM method is
capable of calculating eﬃciently the J–V characteristics of realistic
transistors. The method features a full atomistic QM treatment of
electronic devices where quantum effects like impurity scattering,
quantum confinement,39 and dopant deactivation40 are captured.
And the interaction with an electrostatic environment is taken into
account self-consistently.
3.2

Photovoltaic devices

The increasing demand of renewable energy supply has motivated
the search for high eﬃciency photovoltaic devices.41–44 Semiconductor nanostructured photovoltaic devices have emerged as
a new generation of devices due to their potential applications in
low cost devices with high power conversion efficiencies (PCEs).
Recent studies found that the nanowire-based solar cells are able
to achieve high PCE, which breaks the traditional limit.41,42 On
the other hand, advances in device architecture have led to
further PCE improvements. The tandem solar cell has been
proposed where multiple photoactive layers with complementary
absorption frequencies are connected in series.45 The tandem
structure in principle circumvents the power loss due to
subband-gap transmission and the thermalization of hot charge
carriers. Experimental results have demonstrated a substantial
increase of open-circuit voltage for tandem devices compared to
that of the corresponding single cell.

This journal is © The Royal Society of Chemistry 2015

Fig. 6 Local density of state (LDOS) of As-doped JFETs with gate voltage
(a) 0.6 V and (b) 0.9 V. Black dashed lines indicate the channel regions,
and white dashed lines indicate the bias windows. Permission obtained
from ref. 38.

Due to the diﬀerent temporal and spatial scales involved, it
remains a great challenge to model the processes in photovoltaic
energy conversion. Conventionally, two major approaches for
optoelectronic device simulations are the continuum equation
model20,21 and the discrete dynamic Monte Carlo (DMC)
method,22–24 which are both based on classical models. The
quantum mechanical method for study of the performance of
SiNW-based photovoltaic devices has recently been done within
the framework of the NEGF formalism.46 Electron–photon interaction is taken into account via self-energies as described in
Section 2.1.1.2. The method allows simultaneous simulations of
J–V characteristics and optical properties of photovoltaic devices
without relying on empirical parameters. The QM/EM method
has been extended to include electron–photon interactions and
applied to simulate tandem photovoltaic devices. Fig. 7 shows
the model adopted in the simulations. The system is divided into
an EM region and two QM regions. Each QM region contains a
photovoltaic cell which is formed by an atomistic SiNW PN
junction with a dimension of 2  2  25 nm3 oriented in the
[110] direction. Both SiNWs are doped explicitly with Ga/As
atoms at two sides forming a PN junction. This corresponds to
a doping concentration of 8.0  1019 cm3. A potential difference
of 1.13 V is formed when the p-doped and n-doped SiNWs come
into contact, giving rise to the built-in potential across the
junction. The QM regions are embedded in an EM region which
includes electrodes and a tunneling junction linking the two
cells. Monochromatic light fixed at a power of 1 kW m2 with a
frequency of 2.5 eV is used throughout the simulations and it is
assumed that electronic excitation occurs only in the QM regions.
Upon light illumination, an electron–hole pair is generated after
absorbing a photon. The electron flows from the p-doped region to
the n-doped region, owing to the built-in potential, while the hole

Chem. Soc. Rev., 2015, 44, 1763--1776 | 1773

View Article Online

Published on 22 January 2015. Downloaded by University of Hong Kong Libraries on 21/12/2017 12:51:19.

Tutorial Review

Chem Soc Rev

Fig. 7 Schematic diagram of a tandem photovoltaic device. The simulation domain is divided into an EM region and two QM regions. Each QM
region contains a SiNW PN junction photovoltaic cell. The EM region
includes the electrodes and a tunneling junction connecting the two cells.

transports in the opposite direction, resulting in a photocurrent
generated in the PN junction. The direction of photocurrent is
opposite to that of the dark current, where electrons flow from the
n-doped region to the p-doped region in the PN junction. When
forward bias is applied to the SiNW, the potential difference across
the junction is reduced and dark current increases. Eventually, the
dark current offsets the photo-generated current, when forward
bias voltage reaches open-circuit voltage.
Fig. 8 plots the J–V curves of the SiNW tandem cell. The solid
squares give the dark currents and the open squares give the
currents obtained under monochromatic light illumination.
The calculated short-circuit current is 2.75 mA cm2 and the
open-circuit voltage is 1.2 V. The J–V curve of a single SiNW cell
is plotted for comparison (blue lines) and the corresponding
short-circuit current and open-circuit voltage for the single cell
are 2.33 mA cm2 and 0.62 V, respectively. Overall PCEs of 2.6%
and 1.7% are obtained for the tandem cell and single cell,
respectively. The low PCE can be attributed to the poor absorptivity
of the systems which in general can be improved experimentally
through antireflection and light-trapping techniques.47–49 QM/EM
simulation results in Fig. 8 demonstrate that a significant
enhancement of open-circuit voltage is achieved by using the
tandem approach, resulting in an improvement in PCE compared to a single cell. In the current configuration of the tandem
cell, two identical devices are used. In principle, the tandem cell
may be fabricated with different cells and each cell generates
electric current in response to different wavelengths of light.
This allows the absorbance of a broader range of wavelengths in
the light spectrum, and thus further improves the energy conversion efficiency of the cell.

3.3

Fig. 8 J–V curves of a single (blue lines) and a tandem (red lines)
photovoltaic cell. The open squares stand for illuminated currents while
solid squares stand for dark currents.

are first studied and DFTB Hamiltonian is adopted in the QM
model. Fig. 9 shows the J–V curves of the device in the linear
response regime. To demonstrate the accuracy of the QM/EM
method, the J–V characteristics are compared against the results
of a full DFTB + NEGF simulation of the whole system. The covered
bias voltage ranges from 0 to 5 mV. It is shown that the J–V curve
obtained by the QM/EM method reproduces precisely that of the
full simulation which justifies the multiscale QM/EM approach.
While computational time scales generally as N3 with the system
size in QM calculations, the QM/EM method provides an efficient
means for nanoscale electronic device simulations since the EM
region of the system can be easily scaled up with minor computational efforts.
Dynamic properties are also studied in both time domain4
and frequency domain.5 Starting from the static solution, AC bias
voltages at diﬀerent frequencies are applied on the electrodes. For
time-domain simulations, a sinusoidal bias voltage and a period
of 5 fs are applied at t = 0. Simulation results are then Fourier
transformed to the frequency domain. Dynamic admittance

Molecular electronics

As a benchmark, the QM/EM method has been applied to CNTbased molecular devices.3 Fig. 1 shows the QM/EM partitioning
of the simulation domain. The QM region encloses with a (5,5)
CNT embedded in a silicon substrate. The device is connected
to two aluminum leads where a bias voltage is applied. The EM
region contains the metallic leads and silicon substrate which
provides the electromagnetic environment. Steady state properties

1774 | Chem. Soc. Rev., 2015, 44, 1763--1776

Fig. 9 Comparison of the full QM and QM/EM simulations of J–V curves
of a CNT-based molecular device.
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energy but also charge carriers between QM and EM regions.
The inclusion of electron–photon interaction in the QM model
allows simulations of optoelectronic devices. We believe that
the QM/EM method can offer an effective way for studying
multiscale and multiphysics problems in nanoscale devices.

Acknowledgements

Fig. 10 Dynamic admittance simulated by the time-domain (TD) and
frequency-domain (FD) QM/EM simulation methods at diﬀerent operating
frequencies. The upper curves are the real part of the admittance while the
lower ones are the imaginary part.

G(o) = J(o)/V(o) can be obtained and characteristic parameters: resistance R, capacitance C and inductance L, can be
extracted.50
Fig. 10 plots the dynamic admittance obtained from
frequency-domain and time-domain simulations. It should be
noted that based on the small-signal technique, the frequencydomain QM/EM method is a linear response theory with
respect to the bias voltage. As long as the applied AC voltage
is small enough, the results obtained from the time-domain
and frequency-domain simulations agree well over frequencies
up to 0.6 eV (B140 THz) which validates the dynamic QM/EM
methods. At a higher AC bias voltage (1.0 V), where the system is far
from equilibrium, it is shown that the dynamic admittance
obtained from time-domain simulation results deviates from that
obtained at lower AC bias voltages (0.1 mV and 0.01 V) due to the
non-linear eﬀect and the deviation becomes more prominent at
higher frequencies. While considering only linear response,
frequency domain simulations give the same dynamic admittance
for both high and low AC bias voltages. In general, the frequencydomain QM/EM method serves as an eﬃcient alternative to the
time-domain QM/EM method in the low frequency regime since
self-consistency can be readily achieved. At high frequencies, the
time-domain QM/EM method is more eﬃcient and allows studies
of non-linear eﬀects.

4 Conclusions
The study of interactions between charge carriers and electromagnetic field is fundamentally important to a variety of
applications, for instance, electronics, photovoltaics, plasmonics, etc. The QM/EM method constitutes a promising approach
for realistic device simulations. The multiscale approach of the
QM/EM method features a self-consistent treatment between
QM and classical EM models. The models are coupled by
means of information exchange at the interface. In particular,
the QM/EM coupling scheme permits not only exchange of
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