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Time-dependent quantum transport parameters for graphene
nanoribbons (GNR) are calculated by the hierarchical equation
of motion (HEOM) method based on the nonequilibrium
Green’s function (NEGF) theory [Xie et al., J. Chem. Phys. 137,
044113 (2012)]. In this paper, a new initial-state calculation
technique is introduced and accelerated by the contour
integration for large systems. Some Lorentzian fitting schemes
for the self-energy matrices are developed to effectively reduce

the number of Lorentzians and maintain good fitting results.
With these two developments in HEOM, we have calculated the
transient quantum transport parameters in GNR. We find a new
type of surface state with delta-function-like density of states in
many semi-infinite armchair-type GNR. For zigzag-type GNR,
a large overshooting current and slowly decaying transient
charge are observed, which is due to the sharp lead spectra and
the “even–odd” effect.
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1 Introduction Quantum transport is an important
field of research, due to the rapid improvement in
nanotechnology and the semiconductor industry [1–3].
First-principles nonequilibrium Green’s function (NEGF)
theory has been widely employed to simulate the steady-state
currents through electronic devices [4–6]. Besides the
steady-state calculations, the time-dependent quantum
transport theory has been developed within the framework
of NEGF [7, 8] and time-dependent density functional theory
(TDDFT) [9–13]. To deal with the transient current in open
systems, a major approach is the embedding scheme
(calculate a finite region in an extended environment with
the help of self-energy). For example, the open boundary
condition derived from partitioned propagators is employed
for the equation of motions (EOM) of the density matrix [14];
and the transparent boundary condition is employed for the
wavefunction propagations [12, 15]. Another approach is
to use finite leads with large lengths to mimic the open
terminals and calculate the currents in a limited duration, as
in Ref. [16].

In time-dependent quantum transport calculations, the
wide band limit (WBL) approximation is often used [7, 13].
Recently, we have developed a first-principles hierarchical
equation of motion (HEOM) for the reduced single-electron
density matrix (RSDM; denoted as RSDM-HEOM), which
goes beyond the WBL approximation [17–21]. Multi-
Lorentzian expansion is employed to approximate the
spectra of the leads [20]. As RSDM is much simpler than
the many-electron density matrix, the RSDM-HEOM
method is much more efficient so that it is employed to
model the realistic systems.

However, in the HEOM calculation for large systems, it
is difficult to calculate the initial values, as the large number
of auxiliary density matrices (ADM) leads to a very huge
matrix equation [20]. Also, the computational load of
HEOM is heavily determined by the number of Lorentzians.
For large systems, it is crucial to find a good set of
Lorentzians, which mimic the lead spectra profiles with the
minimal number of Lorentzians. In this paper, we derive a
new integral formula to solve the initial HEOM values of
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large systems more quickly and accurately. We also develop
a set of Lorentzian fitting algorithms, which can automati-
cally fit all the self-energy curves with a small number of
Lorentzians. With these two developments, our HEOM
can be extended to much larger systems.

With this method, we calculate the time-dependent
transport parameters of some graphene nanoribbons (GNR).
Graphene has attracted a lot of research interest in recent
years, mainly due to its novel band structure with linear
dispersion on the Dirac points [22]. But most of the works
study its static properties. Some time ago, Perfetto et al. [16]
calculated the transient current of very large GNR. They
found for large enough zigzag GNR, the current versus time
curve shows two temporal plateaus: the first one results
from the relativistic spectrum of bulk graphene; and the
second one is related to the steady-state current. In this paper
we focus on the small-sized GNR, and some new properties
such as the establishment of “even–odd” effect are observed.

This paper is organized as follows. The methodology is
described in Section 2, including the HEOM introduction,
the initial-value calculation method, and three Lorentzian
fitting algorithms. In Section 3, numerical results for the
GNR are given. Two types of nanoribbons (armchair and
zigzag) are calculated and their transport properties are
investigated. A summary is given in Section 4.

2 Methodology The HEOM method is based on the
NEGF theory. Instead of calculating the time evolution of the
Green’s functions, this method defines some time integrals
of the Green’s functions and self-energies as the ADM.
Then, with the equations of motion for the Green’s functions
and self-energies, a set of differential equations for the
density matrices and ADM are derived. The following part
gives the details of this method.

2.1 Introduction to HEOM In a lead–device–lead
system, the EOM for the device’s RSDM is given as
below [13]:

i _sDðtÞ ¼ ½hDðtÞ; sDðtÞ� þ
XNa

a¼1

½hDasaD � sDahaD�:

With some derivation, this EOM can be written as

i _sDðtÞ ¼ ½hDðtÞ; sDðtÞ� þ i
XNa

a¼1

Z t

�1
dt½G<

Dðt; tÞ �S>
a ðt; tÞ

� G>
Dðt; tÞ �S<

a ðt; tÞ þ H:C:�;
ð1Þ

where sD and hD are the RSDM and Hamiltonian of the
device, respectively.Sx

aðt; tÞ are the lesser (x¼<) or greater
(x¼>) self-energy for the lead a; Gx

Dðt; tÞ are the lesser
or greater Green’s function of the device. H.C. means the
Hermitian conjugate. The second term above accounts for
the dissipation effect due to the leads. In Appendix A, we
show that this term is also related to the transient-current
expression.

According to Ref. [19], if we introduce the energy-
resolved self-energies S<;>

a ðe; t; tÞ (with S<;>
a ðt; tÞ ¼R

de �S<;>
a ðe; t; tÞ), and the following 1st- and 2nd-tier ADM,

waðe; tÞ ¼ i

Z t

�1
dt½G<

Dðt; tÞ �S>
a ðe; t; tÞ

� G>
Dðt; tÞ �S<

a ðe; t; tÞ�;
ð2Þ

waa0 ðe; e0; tÞ ¼ i

Z t

�1
dt1

Z t

�1
dt2f½S<

a0 ðe0; t; t1Þ � Ga
Dðt1; t2Þ

þSr
a0 ðe0; t; t1Þ �G<

Dðt1; t2Þ�S>
a ðe; t2; tÞ

� ½S>
a0 ðe0; t; t1Þ � Ga

Dðt1; t2Þ
þSr

a0 ðe0; t; t1Þ � G>
Dðt1; t2Þ�S<

a ðe; t2; tÞg;
ð3Þ

we may derive a set of equations of motion:

i _sðtÞ ¼ ½hDðtÞ; sDðtÞ�
�
X
a

Z
de � ½waðe; tÞ � w†ðe; tÞ�; ð4Þ

i _waðe; tÞ ¼ ½hDðtÞ � e� DaðtÞ� � waðe; tÞ þ ½f aðeÞ

� sDðtÞ�LaðeÞ þ
XNa

a0

Z
de0waa0 ðe; e0; tÞ; ð5Þ

i _wa;a0 ðe; e0; tÞ ¼ �½eþDaðtÞ � e0 �Da0 ðtÞ� � wa;a0 ðe; e0; tÞ
þLa0 ðe0Þ � waðe; tÞ � w†

a0 ðe0; tÞ �LaðeÞ;
ð6Þ

where LaðeÞ is the linewidth function, f aðeÞ is the Fermi–
Dirac function for lead a, f aðeÞ ¼ 1=ð1þ exp½bðe� maÞ�Þ,
b ¼ 1=kBT , is the reciprocal temperature, and ma is the
chemical potential for lead a.DaðtÞ is the time-dependent bias
potential in lead a. We note that Eq. (5) (and Eq. 6 as well) is
derived as follows: the time derivatives act on three parts in the
RHS of Eq. (2):G<;>

D ðt; tÞ,S<;>
a ðe; t; tÞ and the upper limit of

integration. The last part contributes to term 2 in Eq. (5); and
the first two parts contribute to term 1 and term 3 due to the
EOM of G<;>

D ðt; tÞ and S<;>
a ðe; t; tÞ. The derivation details

for Eqs. (4)–(6) are given in Refs. [19, 20]. This is the
RSDM-HEOM.

In Eqs. (4) and (5), there are integrals of waðe; tÞ
and waa0 ðe; e0; tÞ over energy e or e0, which are very
computationally expensive. In numerical calculations,
Cauchy’s residue theorem is used to transform these
integrals into summations [20]. Here we show the brief
steps.

Step (1): The integral for the steady-state self-energy
S

<;>

a ðt; tÞ is transferred into summation by the residue
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theorem. For example,

S
<

a ðt � tÞ ¼ i

2p

Zþ1

�1
f aðeÞLaðeÞ e�ieðt�tÞ de

¼ i

2p

I
f aðzÞLaðzÞ e�izðt�tÞ dz: ð7Þ

This transformation holds only if the contribution from
the contour integrals in the upper (or lower) complex
plane tends to zero [20]. Using the multi-Lorentzian
expansion to approximate the linewidth function
(LaðeÞ �

PNd
d¼1ðhd=ððe�VdÞ2 þW2

dÞÞLad), and the Padé
spectrum decomposition to expand the Fermi–Dirac func-
tion [23] ðf aðzÞ ¼ ð1=ð1þ expðzÞÞÞ � ð1=2Þ þPNp

p¼1ðRp=
ðz� zþp ÞÞ þ ðRp=ðz� z�p ÞÞÞ, we may find the poles of the
integrand in the contours and write down the residue
summation form as:

S
<;>

a ðt � tÞ ¼
XNk

k

A<;>�
ak e�g�

akðt�tÞ;

where “þ” and “�” correspond to different contours, due to
the sign of t � t. The expressions for A<;>�

ak and g�ak are
given in Ref. [20].

Step (2): Adding a phase factor to Eq. (7),S<;>
a ðt; tÞ can

also be written as a residue summation:

S<;>
a ðt; tÞ ¼ e�i

R t

t
DaðjÞ dj �S<;>

a ðt � tÞ

¼
XNk

k¼1

S<;>
ak ðt; tÞ: ð8Þ

Then, the integral of waðe; tÞ is transformed into the
summation form,Z

de � waðe; tÞ ¼
Z
de � i

Z t

�1
dt½G<

Dðt; tÞ �S>
a ðe; t; tÞ

� G>
Dðt; tÞ �S<

a ðe; t; tÞ�

¼
XNk

k¼1

wakðtÞ;

ð9aÞ
where

wakðtÞ ¼ i

Z t

�1
dt½G<

Dðt; tÞ �S>
akðt; tÞ

� G>
Dðt; tÞ �S<

akðt; tÞ�
ð9bÞ

are called the discretized 1st-tier ADM.
Step (3): Similarly, the integral of waa0 ðe; e0; tÞ can be

expressed as the summation form

ZZ
de de0 � waa0 ðe; e0; tÞ ¼

XNk

k;k0
wak;a0k0 ðtÞ ð10aÞ

with each discretized term defined as

wak;a0k0 ðtÞ ¼ i

Z t

�1
dt1

Z t

�1
dt2f½S<

a0k0 ðt; t1Þ � Ga
Dðt1; t2Þ

þSr
a0k0 ðt; t1Þ � G<

Dðt1; t2Þ�S>
akðt2; tÞ

� ½S>
a0k0 ðt; t1Þ � Ga

Dðt1; t2Þ
þSr

a0k0 ðt; t1Þ � G>
Dðt1; t2Þ�S<

akðt2; tÞ:
ð10bÞ

From these definitions, and with the similar time derivative
approach for Eqs. (4) and (5), the following HEOM can be
derived [20]

i _sðtÞ ¼ ½hDðtÞ; sðtÞ� �
XNa

a

XNk

k¼1

ðwakðtÞ � w†

akðtÞÞ; ð11Þ

i _wakðtÞ ¼ ½hDðtÞ � igþak �DaðtÞ�wakðtÞ

� i½sðtÞA>þ
ak þ sðtÞA<þ

ak � þ
XNa

a0

XNk

k0¼1

wak;a0k0 ðtÞ;

ð12Þ

i _wak;a0k0 ðtÞ ¼ �½igþak þDaðtÞ þ ig�
a0k0 �Da0 ðtÞ� � wak;a0k0 ðtÞ

þ iðA>�
a0k0 � A<�

a0k0 ÞwakðtÞ�iw†

a0k0 ðtÞðA>þ
ak �A<þ

ak Þ;
ð13Þ

where sðtÞ ¼ I� sðtÞ and Nk ¼ Nd þ Np is the total number
of the Lorentzian and Padé poles in the contour. We term
Eqs. (11)–(13) and their solutions as the Lorentzian–Padé
decomposition scheme.

The accuracy of this scheme has been tested with a one-
level system. The transient current agrees with that in
reference [24] very well and thus the accuracy of this HEOM
method is validated.

2.2 Initial-state calculation In Ref. [20], we set the
time derivatives of all the density (and auxiliary density)
matrices to be zero and solve the matrix equations for the
initial values or the static solutions. In the case of a large
system with a large number of orbitals in the device region
or a large number of expansion terms in the spectra of the
leads, it is very time consuming to solve such a huge system
of linear equations, even with the sparse matrix technique.
In this paper, we develop a new method for the initial-state
calculation.

First, we calculate density matrix sD by integrating the
lesser-Green’s function in energy domain

sD ¼ �1
p

Zþ1

�1
f PðEÞIm½Gr

DðEÞ� dE; ð14Þ
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where f PðEÞ is the Padé-expansion approximant for the
Fermi–Dirac function,

f PðEÞ ¼
1
2
þ 1
b

XNp

p¼1

Rp

E � m� zþp =b
þ Rp

E � m� z�p =b

 !
:

ð15Þ
The retarded Green’s function is calculated by

Gr
DðEÞ ¼ ½E � I� hD �Sr

LrzðEÞ��1; ð16Þ

where Sr
LrzðEÞ is the self-energy matrix fitted by the multi-

Lorentzian expansion (see details in Section 2.3),

Sr
LrzðEÞ ¼ SR

LrzðEÞ þ i �SI
LrzðEÞ

¼
XNd

d¼1

��Ad=Wd � ðE �VdÞ
ðE �VdÞ2 þW2

d

þ i � Ad

ðE �VdÞ2 þW2
d

�
:

ð17Þ

As Gr
DðEÞ has many singularities near the real axis, which

makes a lot of narrow peaks forGr
DðEÞ on the real axis, so the

accurate numerical integration in Eq. (14) needs very fine
energy grids. However, if the integrand in Eq. (14) has
analytic continuation into the upper complex plane, Gr

DðEÞ
can behave very smoothly and the integration on the upper-
complex-plane contour is much easier [25]. Then we can do
the integral with the help of the residue theorem [26]. To
construct an analytic integrand, we rewrite Eq. (14) as

sD ¼ �1
p

Im
Zþ1

�1
f PðEÞ � Gr

DðEÞ dE
2
4

3
5

8<
:

9=
;

¼ �1
p

Im Is½ �; ð18Þ

where Is is analytic and can be calculated by the contour
integral: we extend the integral to the complex plane and use
the Cauchy’s residue theorem,

Is ¼
Zþ1

�1
f PðEÞGr

DðEÞ dE

¼ �
Z
CR

f PðzÞGr
DðzÞ dzþ 2pi �

X
k

ResidueðkÞ; ð19Þ

where CR ¼ CR1 þ CR2 þ CR3, are the contours in the upper
complex plane, as shown in Fig. 1. ResidueðkÞ is the residue
of the kth pole in the contour. As all the poles ofGrðEÞ are in
the lower complex plane [25], only the Padé poles of f PðEÞ
are accounted for here.

Secondly, we calculate the 1st-tier ADM wakðtÞ from its
definition (Eq. 9b). In the equilibrium state (DaðtÞ ¼ 0), we
have

G x
Dðt � tÞ ¼ �isx

p

Z þ1

�1
f xðEÞ Im½Gr

DðEÞ� e�iEðt�tÞ dE;

S x
akðt � tÞ ¼ Ax;þ

ak e�gþ
akðt�tÞ; t � t < 0;

where x¼< or >, s< ¼ 1, s> ¼ �1, f<ðEÞ ¼ f PðEÞ,
f>ðEÞ ¼ 1� f PðEÞ. Substituting them into the wak (t)
definition for an equilibrium state as follows (in which case
all the two-time quantities are reduced to the one-time
quantities)

wakðtÞ ¼ i

Z t

�1
dt½G<

Dðt � tÞ �S>
akðt � tÞ

� G>
Dðt � tÞ �S<

akðt � tÞ�

and doing the time integration, we achieve the following
result after some derivations

wakðt ¼ 0Þ ð20Þ

¼ 1
p

Zþ1

�1
dE

Im½Gr
DðEÞ� � ½A>þ

ak f PðEÞ þ A<þ
ak ð1� f PðEÞÞ�

gþ
ak þ iE

:

Similarly, this integral can be calculated by the residue
theorem with much high accuracy and small computation
load. Appendix B gives the details of this calculation.

Thirdly, after solving out sD and wak, the 2nd-tier ADM
(wak;a0k0 ) in the equilibrium state is obtained directly from
Eq. (13),

wak;a0k0 ¼
1

gþak þ g�ak
ðA>�

a0k0 �A<�
a0k0 Þwak� w†

a0k0 ðA>þ
ak �A<þ

ak Þ� �
:

ð21Þ

Figure 1 The contour path and poles of the contour integral in
Eq. (19). The filled dots on the y-axis represent the Padé poles.
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2.3 Automatic Lorentzian fitting In our previous
HEOM calculations we did the Lorentzian fitting for the
surface Green’s function of the leads [20]. However, we find
that for a real system or a large model system, the number of
nonzero self-energy functions is much less than that of the
surface Green’s functions. So in this paper we directly fit
the imaginary part of the self-energy matrix functions

Im Sr
aðEÞ

� � ¼XNd

d¼1

1

ðE �VdÞ2 þW2
d

� Aa;d: ð22Þ

The real part of the self-energy is obtained from its imaginary
part by the Kramers–Kronig relation [20], as shown in
Eq. (17), and the linewidth function is related to the self-
energy by LaðEÞ ¼ �2 Im½Sr

aðEÞ�.
We use a least-square (LS) solver MINPACK for

the Lorentzian fitting. MINPACK is a software package
for solving the nonlinear equations and nonlinear LS
problems within Powell’s hybrid algorithm and the
Levenberg–Marquardt algorithm, respectively [27]. In our
problem, we use the subroutine “lmdif1” in MINPACK to
find all the values of xj (j 2 ½1; n�) form “deviation functions”
fi (where i 2 ½1;m�, m > n) by minimizing the following
formula

min
Xm
i¼1

f iðxÞ2 : x 2 Rn

( )
: ð23Þ

These deviation-functions origin from the fitting object
and the functions with fitting parameters. Iteration is
employed to find the optimized fitting parameters from
some initial guess.

In our fitting process, a series of discrete self-energy
(Si ¼ Im½Sr

aðEiÞ�) values is calculated by the principle-layer
method [28] for the fitting object. The deviation function is
obtained after setting the initial fitting parameters fxjg,
f iðx1; x2;…; xnÞ ¼ Si � LðEi; x1; x2;…; xnÞ, where L is the
multi-Lorentzian function,

LðE; x1; x2;…; xnÞ ¼ LðE;V1;W1; h1;V2;W2; h2;…; hNd
Þ

¼
XNd

d

hd

ðE �VdÞ2 þW2
d

and fxjg correspond to the Lorentzian parameters:
fVd;Wd; hdg, so n ¼ 3Nd.

Since n is very large,
Pm

i¼1 f iðxÞ2 has a lot of local
minima in such a high-dimensional solution space
(fxj; x 2 Rng). Different initial guess leads to different
optimal solution for fitting parameters. A proper setting of
the initial Lorentzian parameters is very crucial for a good
fitting result. Some programs are employed to automatically
find the initial Lorentzian parameters.

After fitting all the self-energy (imaginary part) curves
(with the total number Nz), we have

Im Sð1ÞðEÞ
h i

¼
XNð1Þ

d¼1

h
ð1Þ
d

ðE �V
ð1Þ
d Þ2 þW ð1Þ

d
2
;

Im Sð2ÞðEÞ
h i

¼
XNð2Þ

d¼1

h
ð2Þ
d

ðE �V
ð2Þ
d Þ2 þW ð2Þ

d
2
;…;

where NðkÞ is the number of Lorentzians used in the kth
curve; VðkÞ

d , W ðkÞ
d , and h

ðkÞ
d are the Lorentzian center, width

and amplitude of the dth Lorentzian in the kth curve
respectively. For small systems, we directly combine all
these Lorentzians into Eq. (22) by defining a global
Lorentzian index, such as that in Ref. [17]. The total
number of Lorentzians is Nd0 ¼

PNz
k¼1 N

ðkÞ. We term this as
the direct (element by element) fitting method.

For large systems, the number of Lorentzians has to be
minimized to reduce the computational cost. Since the shape
of a Lorentzian function is mainly determined by its center
(V) and width (W), we represent each Lorentzian function as
one point on a W �V diagram. If some points are closely
located, we combine them into a new point (see Appendix B
for the combination algorithm). After this combination, the
number of Lorentzians is reduced from Nd0 to Nd1. Then we
refit all these curves with these combined Lorentzians for
optimization.

One refitting way is to fix the combined Lorentzian
parameters: fWdg and fVdg, and only to fit their amplitudes
fhðkÞd g, where h

ðkÞ
d is for the dth Lorentzian (with the total

number Nd1) in the kth curve (with the total number Nz). The
number of fitting parameters is NzNd1. It is noted that in each
curve fitting, fVdg and fWdg come from the combined
Lorentzian points, which are much more than those in the
original fitting. So the fitting results are much better. We
term this process the combined fitting method.

Another refitting way is to treat the combined Lorentzian
parameters fWdg and fVdg as the initial fitting values. They
are to be optimized together with the amplitudes. To do this,
we combine all the curves into one large fitting object S
(S ¼ fIm½S1ðEiÞ�; Im½S2ðEiÞ�;…; Im½SNzðEiÞ�g) and we
can simultaneously fit all these curves with a large set of
Lorentzian parameters fVd;Wd; h

ðkÞ
d g. In other words, we

minimize the following sum of squared residues (SSR) in the
LS process:

SSR ¼
XN
i¼1

S1ðiÞ �
XNd1

d¼1

h
ð1Þ
d

ðEi �VdÞ2 þW2
d

�����
�����
2

þ
XN
i¼1

S2ðiÞ �
XNd1

d¼1

h
ð2Þ
d

ðEi �VdÞ2 þW2
d

�����
�����
2

þ � � �

þ
XN
i¼1

SNzðiÞ �
XNd1

d¼1

h
ðNzÞ
d

ðEi �VdÞ2 þW2
d

�����
�����
2

:

In this refitting process not only the NzNd1 amplitudes
fhðkÞd g, but also the centers fVdg and widths fWdg are to be
adjusted simultaneously. The number of fitting parameters is
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2Nd1 þ NzNd1. We term this type of fitting the global fitting
method.

In most cases the result from global fitting is best with
the same Lorentzians, among these three fitting schemes. But
since the fitting object is very large (N curves with N � Nz

data points or object functions for each), the computational
time for the fitting is usually much longer than the other two
schemes.

3 Numerical implementation GNR are used in the
HEOM calculations. The nearest-neighbor tight-binding
model is employed with one pz orbital for each carbon atom.
The calculations for the armchair GNR (AGNR) and zigzag
GNR (ZGNR) are treated separately in the following section.

3.1 Armchair GNR calculation In this section,
AGNR (M¼ 16) is used in the HEOM calculation, where
M means the number of atoms in one GNR unit cell.

Figure 2a shows the atomic structure and the labels of
this AGNR.With the nearest TBmodel, there are 20 nonzero
self-energy curves. To reduce the number of Lorentzians, we
only fit for 10 different curves because there are some
degenerate curves due to the geometry symmetry. Figure 2b
shows 4 of them (the imaginary part), which are of
complicated shapes. A lot of Lorentzians are needed for the
fitting and the accuracy of HEOM calculation depends on the
fitting results. Two fitting schemes are used, as shown below.

3.1.1 The delta-function-like peak in the self-
energy curve Before fitting, we notice that near the energy
range E¼ 0 eV, the real part of some self-energy is very large
(which can be infinite) while the imaginary part is of finite
values (as shown in Fig. 2c). The relation of these real and
imaginary parts of self-energy differs from the Kramers–
Kronig relation that they should obey [29].

To find out the discrimination reason in the self-energy
curve, we use a very fine sampling interval that is
comparable to or smaller than the small imaginary number
(i�h) in the surface Green’s function calculation [4]. We
find in each imaginary-part curve there exist a “delta-
function-like” peak in the range of E¼ 0 eV (inset of
Fig. 2c). This is reasonable because if the Im½SðEÞ� curve
behaves as a delta function near E¼ 0 eV, the Re½SðEÞ�
curve has the fractional-function-like peak (1=ðE � E0Þ).
They are related by the Kramers–Kronig relation,

Im½SðEÞ� ¼ �Axxp � dðE � E0Þ;

Re SðEÞ½ � ¼ 1
p

Z
Im½SðE0Þ�
E0 � E

dE0 ¼ Axx

E � E0
:

So in Fig. 2c the Re½SðEÞ� has a fractional-function-like
singularity near E ¼ E0 ¼ 0 eV. This explains the large
values of the real-part curves near E¼ 0 eV.

We find this type of delta-function-like peaks exist in the
spectra of many types of AGNR leads. They also exist in the
real system such as the carbon atom chain lead in the density-
functional tight-binding (DFTB) model. To further investi-

gate this state, we plot the local density of states (LDOS)
distribution of this semi-infinite AGNR at E¼ 0 eV, as
shown in Fig. 2d. We see that the LDOS decays from the
terminal side to the inner region (the LDOS on some atom
sites does not decay to zero, but remains constant, which
corresponds to the normal state near E¼ 0 eV). So we can
see that this delta-function-like state is a surface state with a
discrete energy level [30]. This state is similar to the famous
“edge state” in ZGNR, which has a very sharp density-of-
state peak at E¼ 0 eV [31]. In fact, the atomic structure on
the terminal side of AGNR is also zigzag. But the surface
state in our AGNR has a discrete energy, not the continuous
spectrum for the edge state. From our knowledge, this
surface state in the semi-finite AGNR is reported for the first
time.

Now we return to the fitting calculation. A narrow
Lorentzian (i.e., the width value W in the Lorentzian
expression is very small, such as 0.00001 eV) has to be used
to stand for such delta-function-like peaks. To evaluate the
amplitude (A) of this narrow Lorentzian, the following steps
are used: (i) Obtain Axx from the real-part curve (Axx/
(E�E0)) numerically. (ii) Assume the energy integrals for
the delta-function-like peak and the narrow Lorentzian are
equal,

�Ap

W
¼
Zþ1

�1

�A

ðE � E0Þ2 þW2
dE

¼
Zþ1

�1
�Axxp � dðE � E0Þ dE ¼ �Axxp:

Thus, the Lorentzian amplitude is obtained: A ¼ AxxW .

3.1.2 Combined fitting and the HEOM
calculation We use the combined fitting method to fit
all the self-energy curves of this AGNR. After the initial
fitting of all the 10 self-energy curves, totally 130
Lorentzians are obtained. Then, we combine the closed
Lorentzian points to reduce the number of Lorentzians.
Figure 3a shows a magnified part of this diagram, where the
black dots represent the original Lorentzian points and the
red dots represent the combined points. The combination
algorithm can be seen in Appendix C.

With the combination parameter r¼ 0.4, the number of
Lorentzian points are reduced to 55. With these 55 pairs of
fVdg and fWdg, we optimize the amplitudes fhðkÞd g to refit
all the curves. Figure 3b shows one self-energy curve of the
refitting results. We see both the imaginary and the real parts
of S1;1 are fitted very well.

After fitting all the 10 self-energy curves, we use the
NEGF formula [4] to calculate the transmission spectrum,
which agrees well with the accurate calculation, as shown in
Fig. 3c.

The contour integral method in Section 2.2 is used
to evaluate the initial state. By propagating the HEOM
starting from initial state with the 4th-order Runge–
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Kutta algorithm, the dynamic currents of this system
are calculated, as shown in Fig. 3d. A bias voltage of
2.0V is applied across the device region symmetrically
and the onsite energy changes linearly between the

two leads. The bias voltage varies as a step function at
t¼ 0 in time domain. We see after some oscillations in
the early time, the currents tend to a steady value at
about 4 fs.

Figure 2 (a) Atomic structure and labels of AGNR (M¼ 16). The rectangular region denotes the device. (b) Four examples of self-energy
curves (imaginary part) of this AGNR. (c) The imaginary and real part of self-energy (S1;1). The inset shows the magnified delta-function-
like peak near E¼ 0 eV. (d) The local density of states of the semi-infinite AGNR lead (left is the terminal side). (e) The band structure (left)
and the density of states (right) of the AGNR (M¼ 16).
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3.2 Zigzag-type GNR calculation Now, we turn to
the zigzag-type GNR. For ZGNR, there are several new
properties in the Lorentzian fitting and HEOM calculations,
as will be detailed below.

3.2.1 Global fitting and bandstructure
calculation Figure 4a shows the atomic structure of
ZGNR (M¼ 8). Figure 4b shows the band structure (left)
and some LDOS spectra (right) of this ZGNR. We see in the
zero-energy range there are two flat bands near the Brillouin
zone boundary, which corresponds to the edge state of
ZGNR [31]. Due to this flat band, the group velocity at zero
energy vanishes, as a result of strong Bloch wave scattering.
The LDOS on the edge atoms (atom 1 or 8) also has a narrow
and largest peak in this zero-energy range. This narrow peak
results in the large overshooting current, which will be
discussed later.

Here we show the fitting details of this ZGNR (M¼ 8).
Twelve different self-energy curves are obtained from 20
nonzero self-energy elements. In each curve there exist
several very narrow peaks. These peaks can only be fitted by
very narrow Lorentzians. Some fitting skill is used for fitting
these narrow peaks (see details in Appendix C).

With the global fitting method stated in Section 2.3, all
these 12 different self-energy (imaginary part) curves are
fitted by 127 Lorentzians. Figure 4c shows the first five
curves for both the imaginary part (upper panel) and the real
part (lower panel) with the shifted energy.1 We see the fitted
curves agree well with the accurate ones. Using these fitting

Figure 3 The fitting and HEOM calculation results for AGNR (M¼ 16). (a) Combination process for the Lorentzian points in W �V
diagram. The originally fitted Lorentzians are represented as the black square dots and combined points are represented as the red round
dots. The two dotted circles mean the combination region for each center points (labeled as 4 and 11). (b) The fitted (solid) and accurate
(dotted) self-energy curve S1;1 with the real (blue) and imaginary (red) part. (c) The transmission spectrum with accurate calculation
(dotted line) and the combined fitting method (solid line). (d) The transient currents of left lead (black solid line) and right lead (red solid
line) under a bias voltage of 2.0V. The dotted line is the left current calculated from the global fitting method, as discussed in Section 2.3.

1 In order to show all these curves in one plot, the shifted energy is used:
Eshift ¼ EðkÞ þ ðk � 1Þ � Ewidth, where E(k) means the energy for the kth
curve ðk ¼ 1;…; 12Þ; Ewidth ¼ Emax � Emin is the energy range of each
self-energy curve.
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Figure 4 (a) Atomic structure and labels of ZGNR (M¼ 8). The rectangular box denotes the device region. The dotted line in the middle is
the mirror symmetric line (see the even–odd effect in the next part). (b) Band structure (left) and LDOS (right) of this ZGNR (M¼ 8). The
dashed rectangular box denotes the energy window for the subbands to join the transport under a small bias voltage. (c) First 5 different
self-energy curves of ZGNR (M¼ 8) from the accurate calculation (dotted line) and the global Lorentzian fitting method (solid line). The
upper panel is for the imaginary part and the lower panel is for the real part. (d) The transmission spectrum of ZGNR (M¼ 8) from the
global Lorentzian fitting (solid line) and accurate calculation (dotted line). (e) The transient current of ZGNR (M¼ 8) under a voltage of
1.0V. The solid and dotted lines are for two sets of Lorentzian parameters. (f) The charges vs. time curves on different atoms for this ZGNR
(M¼ 8) system with a bias voltage of 1.0V. Here are only 4 different curves due to the symmetry of this system. In (e) and (f), the bias
voltage is step-wise turned on at time t¼ 0 and symmetrically applied on two leads. The onsite energies in the device region are linearly
changed between the two leads.
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parameters, the transmission spectrum is calculated,
which also agrees well with the accurate one, as shown in
Fig. 4d.

3.2.2 Dynamic currents and charges in
ZGNR After the initial-state calculation, the dynamic
current (Fig. 4e) and charges on different atoms (Fig. 4f)
under a step-wise bias voltage (1.0V) are calculated. In
Fig. 4e, we also use another set of fitting parameters (166
Lorentzians with combination parameter r¼ 0.1). We see

these two sets of parameters generate very close current
curves, which ensures the convergence of our Lorentzian
fitting scheme.

For the current of this ZGNR, there exist very large
oscillations at the initial stage. Then, the currents slowly
decay and reach to very small (close to zero) values after
about 5 fs. For the charge curves, we see that in the initial
time interval the charges on the right-side atoms (atoms 1, 4,
5, and 8) rapidly jump to high values and then decay to lower
values with several oscillations (very slowly for atoms 1

Figure 5 (a) Atomic structure and labels of ZGNR (M¼ 6). The left (right) part shows the narrow (wide) device case. The rectangular box
denotes the device region. (b) The transmission spectra of ZGNR (M¼ 8) with the bias voltages of 0V (solid line), 0.2V (dotted line) and
1.0V (dashed line). (c) The transmission spectra of ZGNR (M¼ 6) with the bias voltages of 0V (solid line), 0.2V (dotted line) and 1.0V
(dashed line). (d) The transient current of ZGNR (M¼ 6) under a bias voltage of 1.0V. The dashed lines are for the narrow device (N¼ 6)
and the solid lines are for the wide device (N¼ 18). (e) The charges vs. time curves on different atoms for the ZGNR (M¼ 6) system
(narrow device) with a bias voltage of 1.0V. In (d) and (e), the bias voltage is step-wise turned on at time t¼ 0 and symmetrically applied
on two leads. The onsite energies in the device region are linearly changed between two leads.
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and 8). On the left-side atoms (atoms 2, 3, 6, and 7), the
charge decreases under the bias at first and then return to
higher values.

Here we give some analysis of these curves. During the
initial time interval (about 0.25 fs), the rapid and large
current oscillation is from the large overshooting phenome-
non. This overshooting current is much stronger compared
with the current of AGNR (Fig. 3d). This is because near the
Fermi level (E¼ 0 eV), the edge-state band in ZGNR makes
a very narrow DOS spectrum both in device (Fig. 4b) and
lead region (Fig. 4c, Im½S11�), compared to the very flat
spectrum of AGNR (see Fig. 2b and e). This narrow
spectrum peak makes the incident electron wave very
difficult to dissipate to the right lead. A similar case is also
shown in our previous paper for the 1D model system with
poor contact [20]. (Here it is the GNR configuration or the
edge state that makes such “poor contact” effect.) So when
the incident current reaches the device–lead boundary most
of them will be reflected and oscillate for several times until
it dissipates into the right lead to form a steady state. The
charge curves also show such large overshooting process.
We note that during the overshooting, the charges on atoms 1
and 8 reach a much high value and decay very slowly. This is
because under a small bias only the edge states go into the
device (see the dashed box in the band structure of Fig. 4b)
and the charges on the edge atoms increase mostly (see the
large LDOS of atoms 1 and 8 in Fig. 4b). The low steady
current is due to the zero transmission (see the following),
which makes it very difficult for the additional charges to
dissipate into the right lead.

For this ZGNR (M¼ 8). It seems strange that since near
the zero energy the transmission is 1.0 (Fig. 4d), the steady
current is about zero, which is “inconsistent” with the
Landauer formula [4]. The reason for this is that the
transmission in Fig. 4d is under a zero bias. With a finite bias,
the transmission spectrum will have a sharp dip at around
E¼ 0 eV with the width equal to the bias value (see Fig. 5b).
This new transmission is consistent with the steady current.
This phenomenon was first proposed by Li et al. and is
explained as the parity mismatch of bonding (with odd
parity) and antibonding (with even parity) subbands [32].
They find only the symmetric ZGNR have such an even–odd
effect. Our HEOM calculations here have unveiled the
dynamic process of this effect and show how the transient
currents and charges evolve to the steady state.

For the asymmetric ZGNR, such asM¼ 6 case (Fig. 5a),
there is no subband parity and the transmission does not drop
to zero under bias voltages (Fig. 5c). For this ZGNR, we
choose one (narrow) and three (wide) periods of units as the
device part. Our global fitting approach has been used for
the HEOM calculation. Ninety-nine Lorentzians are used for
fitting the lead spectrum matrices. Figure 5d shows the
transient currents for a narrow device (dashed line) and a
wide device (solid line). Figure 5e shows the transient
charges on different atoms of the narrow device. The bias
voltage of 1.0V is applied symmetrically on two leads and
the onsite energies in the device are linearly changed.

As expected, the steady currents have finite values,
which is consistent with the transmission spectrum. Now we
discuss the transient case. First, the overshooting currents are
also very large, which is due to the narrow lead spectra as in
the symmetric ZGNR. At the beginning the charges on right-
side atoms increase but on the left-side atoms they decrease.
This is because the tilt potential energy profile (higher in the
left) in the device makes the left atoms lose some charge and
push them to the right atoms. This is a common phenomenon
on a homogeneous chain with a linear change of the onsite
energies between two leads.

Finally, we compare the transient currents in wide and
narrow devices. There is some delay for the wide-device
current to reach the first peak, compared with the narrow-
device one. This is reasonable since in wide devices the
incident electron has to spend more time to reach the right
boundary and then gets reflected back. In fact, our previous
work shows that in much larger systems such as a 1000-atom
chain, the transient current increases linearly and then bends
to the steady current [21]. This rise time is equal to L=vF,
where L is the length of device and vF is the Fermi velocity.
In our case the device size is not very large, so we only
observe some qualitative phenomenon. In Perfetto’s paper
the first current plateau also lasts up to t ¼ L=vF [16]. In that
case the electrons propagate in a very wide ZGNR and
behave as in 2D graphene sheet. After that time the electrons
exploring the reservoirs and then smoothly drop to the
steady current. This is very different from our narrow ZGNR
structure.

4 Conclusions Two types of HEOM developments
been proposed for time-dependent quantum transport in this
paper. One is the energy-integration method for the initial-
state calculation, including the contour integral technique for
accurate computation. Another concerns systematic schemes
of Lorentzian fittings. With these schemes, the number of
Lorentzians can be effectively reduced by the Lorentzian
combination algorithm; on the other hand, the fitting
accuracy is still maintained. Armchair and zigzag GNR
are used for transient calculations by this method. We find
some delta-function-like spectrum peaks in many semi-
infinite AGNR, which are the surface states in the AGNR
lead. Our HEOM calculation also shows the current and
charge evolutions in ZGNR with the “even–odd” effect
for the first time. The slowly decaying charges on the
edge atoms are due to the zero transmission for the edge
states.
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Appendix A:
Transient-current expression

The transient current through the lead (a)/device interface
can be evaluated via

JaðtÞ ¼ �e

Z
a

dr
@

@t
saðtÞ ¼ e Trð½H;G<�aaÞ:

From the device–lead partition scheme,

ðHG<Þ ¼
Haa HaD

HDa HDD

 !
G<

aa G<
aD

G<
Da G<

DD

0
B@

1
CA

¼
HaaG

<
aa þHaDG

<
Da HaaG

<
aD þHaDG

<
DD

HDaG
<
aa þHDDG

<
Da HDaG

<
aD þHDDG

<
DD

 !
;

we have ðHG<Þaa ¼ HaaG
<
aa þHaDG

<
Da. Note that Haa

commutes with G<
aa [7],

JaðtÞ ¼ e Trð½HaD;G
<
Da�Þ ¼ e Trð½HDa;G

<
aD�Þ:

Then, with the similar derivation process as in Eq. (1)
(applying Langreth’s rule [13]), the transient-current
expression is given below

JaðtÞ ¼ �2e Tr

�
Re

� Z t

�1
dt½G<

Dðt; tÞ �S>
a ðt; tÞ

� G>
Dðt; tÞ �S<

a ðt; tÞ�
�	

:

Appendix B:
Initial-state calculation of the 1st-tier ADM by

contour integral
Similar to the density matrix calculation in Section 2.2, we
use the residue theorem to the integral calculation of the 1st-
tier ADM. We rewrite Eq. (20) as:

wak ¼
1
pi

Zþ1

�1

dE
Im½Gr

DðEÞ�f PðEÞ � ½A>þ
ak � A<þ

ak � þ Im½Gr
DðEÞ� � A<þ

ak

E � igþak

¼ 1
pi

ðIa þ IbÞ;
where

Ia ¼
Rþ1
�1 dEððIm½Gr

DðEÞ�f PðEÞ � ½A>þ
ak �A<þ

ak �Þ=ðE � igþakÞÞ;

Ib ¼
Rþ1
�1 dEððIm½Gr

DðEÞ� � A<þ
ak Þ=ðE � igþakÞÞ:

Since only the analytic function can be used in the
residue theorem, we have to change the integrand above
(such as ðIm½Gr

DðEÞ� � A<þ
ak Þ=ðE � igþakÞ) into the real and

imaginary part form with respect to the variable E, with the
help of the formula below:

1
E � igþak

¼ 1
E � iðg1 þ ig2Þ

¼ 1
E þ g2 � ig1

¼ ðE þ g2Þ þ ig1
ðE þ g2Þ2 þ g21

;

where g1 and g2 are the real and imaginary parts of gþak. If g1
and g2 stand for the real functions of E in the integrands
except Im½Gr

D�, the two integrands above can be written as
the following form

Im½Gr
D�ðg1 þ ig2Þ ¼ Im½Gr

D�g1 þ i Im½Gr
D�g2

¼ Im½Gr
Dg1� þ i Im½Gr

Dg2�:

Then, the two integrals above can be rewritten as the form
belowZ

Im½Gr
D�ðg1 þ ig2Þ dE

¼
Z

Im½Gr
D�g1 dE þ i

Z
Im½Gr

D�g2 dE

¼ Im
Z

Gr
Dg1 dE

� �
þ i Im

Z
Gr

Dg2 dE

� �
:

The integrals in imaginary part above are analytic, which can
be solved by the residue theorem.

For example, Ia is written as

Ia ¼ Im
Zþ1

�1
dE

Gr
DðEÞf PðEÞ � ðE þ g2Þ � ½A>þ

ak � A<þ
ak �

ðE þ g2Þ2 þ g21

2
4

3
5

þ i Im
Zþ1

�1
dE

Gr
DðEÞf PðEÞ � g1 � ½A>þ

ak � A<þ
ak �

ðE þ g2Þ2 þ g21

2
4

3
5

¼ ðIm½Ia1� þ Im½Ia2�Þ � ½A>þ
ak � A<þ

ak �:

The two integrals Ia1 and Ia2 can be calculated by the contour
integral

Ia1 ¼
Zþ1

�1
dE

Gr
DðEÞf PðEÞ � ðE þ g2Þ
ðE þ g2Þ2 þ g21

¼
I

dE
Gr

DðEÞf PðEÞ � ðE þ g2Þ
ðE þ g2Þ2 þ g21

¼ 2pi
XNk

k

Residue½k�;

Ia2 ¼
Zþ1

�1
dE

Gr
DðEÞf PðEÞ � g1
ðE þ g2Þ2 þ g21

¼
I

dE
Gr

DðEÞf PðEÞ � g1

ðE þ g2Þ2 þ g21

¼ 2pi
XNk

k

Residue½k�;
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where Residue(k) stands for the residues in the integral
contours, which include the Padé poles from f PðEÞ and the
pole from the fractional function 1=ððE þ g2Þ2 þ g21Þ. It is
easy to prove that the integral on the upper-complex-plane
contours (like CR ¼ CR1 þ CR2 þ CR3 in Fig. 1) tends to
zero when R becomes infinity, so the integral on the real axis
can be transformed to the contour integral. Another integral
Ib can also be calculated in the same way.

Appendix C: Details of the Lorentzian fitting
C1: Lorentzian points combination In Section 2.3,

an algorithm is used to combine the neighboring Lorentzian
points into one point on the Omega–Width diagram. Here,
we show the details of this algorithm. There are several steps
to search all the Lorentzian points and combine (group) all
the neighboring points (the total number is N).

(1) Search for each point with index i (i¼ 1, …, N) except
the grouped points. The searched point is selected as a
center point.

(2) For each center point i, search for the remaining points
with index j (j¼ iþ 1, …, N), except for the grouped
points.

(3) Calculate the distance Dij between point i and j. If Dij is
less than the critical radius r, then group the point j as the
combined point with respect to the center point i. (Array
party(i, k)¼ j and array If group(j)¼ 1 is used for index
recording.)

(4) Do the search for points with the index j (inner loop) and
i (outer loop) again, until all the points are grouped.

(5) Use the recording information to calculate the averageV
andW values for each group of points. Finally, combine
all the points of each group (the points in the circles, see
Fig. 3a) into the new point with the averaged V and W
values.

C2: Fitting the sharp peaks In some systems like the
zigzag GNR, there are some very narrow peaks in the lead
spectrum curves. To fit these curves, very narrow
Lorentzians has to be used. However, from the Kramers–
Kronig relation

Im Sr½ � �Pd

Ad

ðE �VdÞ2 þW2
d

;

Re Sr½ � �Pd

�Ad=Wd � ðE �VdÞ
ðE �VdÞ2 þW2

d

:

We see a smallWd leads to a large Re½Sr�. Thus, a tiny fitting
error in the imaginary part (for width Wd) will result in a
huge error in the real part. So, when fitting the imaginary-
part curves, very narrow Lorentzians (with widths like
0.000001 eV) must be avoided to ensure good behaviors of
the corresponding real-part ones.

Here, a strategy is employed to effectively fit these
narrow-peak curves. We assign some fixed small-width

Lorentzians. These widths will no longer be involved in
the fitting. For example, for a curve with 3 narrow peaks,
we employ 6 narrow Lorentzians with a fixed width (Ws)
of 0.01 eV to fit these narrow peaks (in each peak 2
Lorentzians are used). Only their centers and amplitudes
(fAd;Vdg; d 2 ½1; 6�) will be adjusted in fitting. For other
normal peaks, the Lorentzian centers, widths and amplitudes
are the fitting parameters as well. The fitting parameters from
each Lorentzian are listed below.

Lorentzian 1 ðnarrow peak 1Þ : A1;V1 ðWs ¼ 0:01 eVÞ;
Lorentzian 2 ðnarrow peak 1Þ : A2;V2 ðWs ¼ 0:01 eVÞ;
Lorentzian 3 ðnarrow peak 2Þ : A3;V3 ðWs ¼ 0:01 eVÞ;
Lorentzian 4 ðnarrow peak 2Þ : A4;V4 ðWs ¼ 0:01 eVÞ;
Lorentzian 5 ðnarrow peak 3Þ : A5;V5 ðWs ¼ 0:01 eVÞ;
Lorentzian 6 ðnarrow peak 3Þ : A6;V6 ðWs ¼ 0:01 eVÞ;
Lorentzian 7 ðnormal peakÞ : A7; V7;W7:

With these parameters (A1;V1;A2;V2;…;A6;V6;
A7;V7;W7;…;ANd ;VNd ;WNd ), the fitting results will not
generate very narrow Lorentzians.
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