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We present a first-principles Liouville–von Neumann equation

for open systems. The time-dependent holographic electron

density theorem which is the foundation for our formalism is

introduced. Approximation schemes for practical simulations

are given. In order to demonstrate the applicability of our

formalism, a realistic simulation of a simple molecular device

system is presented and discussed.
� 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
1 Introduction In the last decades, the size of
electronic circuits reduced continuously. Following the
International Technology Roadmap for Semiconductors,
the miniaturization of the devices found in integrated circuits
is predicted to reach atomic dimensions in few years’ time.
Today, the ultimate limit of miniaturization has already been
achieved in laboratory that current across single molecules
between metallic leads could be successfully measured [1, 2].
In such case, quantum mechanical treatments are crucial in
order to capture the atomistic details and quantum effects
in such a small device properly. Much theoretical and
experimental research efforts have been put into the aspect of
the quantum transport through nanostructures [3–15].

The combined density functional theory (DFT) and non-
equilibrium Green’s function (NEGF) approach enjoy popu-
larity in the context of quantum transport, which reduces to the
traditional Landauer–Büttiker formalism for coherent trans-
port. The majority of such studies for realistic devices focus on
steady state currents under bias voltages. Recently, time-
dependent density functional theory (TDDFT) has also been
developed to study quantum transport phenomena [5, 7–13].
As a formally exact and numerically tractable approach,
TDDFT not only provides a more rigorous theoretical
foundation, but also allows for the description of dynamical
processes like the switching behavior of electronic devices and
time-dependent currents. In this paper, we present the resulting
first-principles Liouville–von Neumann equation based on
TDDFT for open systems and a practical computational
scheme to provide a comprehensive theoretical tool for
studying nanoscale electronics devices.

This paper is organized as follows. In Section 2, basics of
density functional theory and density functional theory for
open system, i.e., the Hohenberg–Kohn theorem and
holographic electron density theorem, is briefly introduced.
The first-principles Liouville–von Neumann equation for
open systems is also presented which governs the time
� 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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propagation of the reduced single-electron density matrix. To
demonstrate the applicability of our first-principle formalism,
we have performed simulations on a molecular device system.
The detailed numerical procedures and results are shown in
Section 3, followed by a summary in Section 4.

2 Methodology The Hohenberg–Kohn (HK) theo-
rem [16] states that the ground state electron density function
determines all electronic properties of the system. Based on
this theorem, a practical scheme was formulated by Kohn
and Sham [17] in order to calculate the ground-state
properties of electronic systems. As an extension of the
HK theorem, the Runge–Gross theorem [18] states that
the time-dependent electron density function determines
uniquely all electronic properties of the corresponding time-
dependent system. The Runge–Gross theorem provides the
foundation for development of time-dependent density-
functional theory (TDDFT) for calculating excited-state
properties of electronic systems.

Analogously, holographic electron density theorems
(HEDT) lay the foundations for DFT and TDDFT for open
systems. Fournais et al. [19, 20] have proved in 2004 that
electron density function of any time-independent real
physical systems made of atoms and molecules is real
analytic except at nuclei. In 2010, Jecko has given a simpler
proof for the real analyticity of electron density [21]. This
real analyticity of electron density provides a solid basis for
the ground-state holographic electron density theorem (GS-
HEDT) which states that any nonzero volume piece of the
ground-state electron density determines the electron density
of the entire system [22, 23]. The GS-HEDT was extended to
time-dependent systems and the time-dependent holo-
graphic electron density theorem (TD-HEDT) states that if
the electron density function of a real finite physical system
at t0, rð~r; t0Þ, is real analytic in ~r-space, the corresponding
wave function is F(t0), and a real analytic (in both t-space
and ~r-space) external potential field vð~r; tÞ is applied to the
system after t0, the time-dependent electron density function
on any finite subspace D, rDð~r; tÞ, has a one-to-one
correspondence with vð~r; tÞ (up to an additive merely
time-dependent function), and determines all electronic
properties of the entire time-dependent system uniquely.
TD-HEDT proves the existence of TDDFT for open systems,
and a detailed proof of TD-HEDT can be found in Ref. [24].

On the basis of the existence of an exact TDDFT for open
systems, we have developed a practical first-principles
approach to simulate transient electrical response of
molecular devices [9, 12]. Our TDDFT formalism for open
system starts from a closed equation of motion (EOM) for
the Kohn–Sham (KS) reduced single-electron density matrix
(RSDM) of the entire system, s(t):
Figure 1 (online color at: www.pss-b.com) Schematic representa-
tion of a simple experimental setup for quantum transport through a
moleculardevice.L,D, andRdenote the left electrode region,device

www
i _sðtÞ ¼ ½hðtÞ; sðtÞ�; (1)
region, and right electrode region, respectively. L and R are con-
nected to an external bias. SL(SR) represents the interface between D
and L(R). Adequate portion of the electrodes are included into D, so
that SL(SR) will show bulk properties of L(R).
where h(t) is the KS Fock matrix. Equation (1) is the
Liouville–von Neumann equation which governs the
time evolution of s(t). We can easily see that with a
.pss-b.com
simple coordinate transformation and a Fourier transform-
ation, the Wigner distribution function form of the Liouville–
von Neumann equation can be recovered from Eq. (1) [25]. A
simple open system is illustrated in Fig. 1 schematically,
which a molecular device is coupled with two electrodes
being connected to an external bias. By using atomic orbital
basis sets, s can be expanded and partitioned as
s ¼
sL sLD sLR

sDL sD sDR

sRL sRD sR

2
4

3
5; (2)
where sL, sD, and sR are the diagonal blocks corresponding
to the left lead L, the device region D, and the right lead R,
respectively. The off-diagonal block between L and D is
denoted as sLD; and similarly, sDL, sRD, sDR, sLR, sRL are
defined in the same manner. The KS Fock matrix can also
be partitioned into the same pattern. Hence, we can get the
EOM for sD:
i _sD ¼ ½hD; sD� � i
X
a¼L;R

Qa; (3)
and
Qa ¼ iðhDasaD � sDahDaÞ; (4)
where QL and QR are the dissipative terms due to L and R,
respectively. According to the TD-HEDT, Qa is in principle
a functional of electron density in the sub-system D,
rDð~r; tÞ, and therefore Eq. (4) can be recast into a formally
closed form
i _sD ¼ hD½t; rDð~r; tÞ�; sD½ � � i
X
a¼L;R

Qa½t; rDð~r; tÞ�: (5)
Equation (5) is the first-principles Liouville–von
Neumann equation for quantum open systems and the
transient electric current though the interface Sa can be
evaluated through
IaðtÞ ¼ �
Z
a

d~r
@

@t
rð~r; tÞ ¼ �tr QaðtÞ½ �: (6)
� 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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In practice, conventional local or semilocal density
approximation for XC potential can be adopted to construct
the KS Fock matrix hD½t; rDð~r; tÞ�. The challenge here is to
express Qa½t; rDð~r; tÞ� in a formally exact and numerically
accessible way [26]. Based on the Keldysh formalism, we have
� 20
Qa;mnðtÞ ¼ �
X
l2D

Zþ1
�1

dt
h
G<

mlðt; tÞS
a
a;lnðt; tÞ

þ Gr
mlðt; tÞS

<
a;lnðt; tÞ

i
þ H:c:�;

(7)
where G< and Ga are the lesser and advanced Green’s
functions respectively, and S< and Sa are the lesser and
advanced self-energies, respectively. Practically, we con-
sider an approximate scheme for Qa(t) based on a wide-band
limit (WBL) treatment for electrodes, as well as an adiabatic
approximation for memory effect. The scheme aims at
simplifying the NEGF expression of Qa(t) [9],
QAWBL
a ðtÞ ¼ La; sDf g þ PaðtÞ þ ½PaðtÞ�y: (8)
Here, Pa(t) can be evaluated by
PaðtÞ � � i

p

(
UaðtÞ

Z þ1

�1
defaðeÞeiet

�
"

1

e� hDð0Þ þ iL
� 1

e� hDðtÞ þ iLþ DaðtÞ

#

þ
Z þ1

�1

faðeÞ
e� hDðtÞ þ iLþ DaðtÞ

de

)
La;

(9)
and
UaðtÞ � e
�i
R t

0
dt hDðtÞ�iL�DaðtÞ½ �

; (10)
where faðeÞ is the Fermi distribution function for the
electrode a. DaðtÞ is the energy shift for all single-electron
levels in electrode a due to the time-dependent applied
voltage. L ¼ LL þ LR gives the device-electrode coupling
matrix.

Alternatively, a hierarchical equation of motion
(HEOM) [12, 26] is developed where for non-interacting
systems, such as TDKS reference system in the present case,
the hierarchy terminates exactly at the second tier without
any approximation [26]. Within the TDDFT-NEGF-HEOM
formalism, the Liouville–von Neumann equation reads
i _sD ¼ ½hD; sD� �
X
a

½’aðtÞ � ’y
aðtÞ�; (11)
Figure 2 (online color at: www.pss-b.com) The ball and stick
where w is the first-tier auxiliary RSDM and is directly
associated with the dissipation functional Qa as follows:
representation of a model molecular device system, a C–benzene–
C system. A benzene ring is sandwiched between two infinitely long
linear carbon chains which serve as the electrodes. Only the device
region is shown in this figure. The green balls are carbon atoms while
the white balls are hydrogen atoms.
QaðtÞ ¼ �i ’aðtÞ � ’y
aðtÞ

� �
¼ �i

Z
de ’aðe; tÞ � ’y

aðe; tÞ
� �

: (12)
11 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
The corresponding HEOM for the KS RSDM and its
auxiliary counterparts have been derived in Ref. [26] as
follows:
_’aðe; tÞ ¼ ½hDðtÞ � e� DaðtÞ�’aðe; tÞ

þ ½faðeÞ � sD�LaðeÞ þ
X
a0

Z
de0’a;a0 ðe; e0; tÞ

(13)
and
i _’a;a0 ðe; e0; tÞ ¼ �½eþ DaðtÞ � e0 � Da0 ðtÞ�’a;a0 ðe; e0; tÞ
þ La0 ðe0Þ’aðe; tÞ � ’

y
a0 ðe0; tÞLaðeÞ:

(14)
In practice, quadrature rules such as Gauss–Legendre
quadrature may be used for the frequency integration.

3 Results and discussion We have carried out
numerical simulations using our formalism. We have
employed the adiabatic local-density approximation
(ALDA) for the exchange-correlation (XC) potential, and
AWBL approximation for the dissipation functional.
We used the in-house built software package, LODESTAR
[27–30], to perform the calculations.

The system of interest is a model molecular device. A
benzene ring is sandwiched between two linear carbon
chains which serve as electrodes, see Fig. 2. We have
included explicitly in the simulation box sixteen carbon
atoms and four hydrogen atoms. The ground-state KS Fock
matrix of the extended system which includes extra portions
of electrodes of fifteen carbon atoms on each side is
calculated self-consistently with LDA. Linear carbon chain
is a relatively good electric conductor, so the induced
electrostatic potential by external voltage is assumed to be
constant for the bulk electrode far away from the device.
The boundary condition for solving Poisson equation for
Hartree potential inside the simulation box in our calculation
is given by a rigid shift of the KS potential of the electrodes.
The same procedure has been widely adopted in quantum
transport simulations [11, 31]. The minimal basis set STO-
3G is adopted in the calculations. For the propagation, the
fourth-order Runge-Kutta method is employed to integrate
Eq. (5) in the time domain.
www.pss-b.com
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Figure 3 (online color at: www.pss-b.com) Transient currents for
our C–benzene–C system. The bias voltage is switched on exponen-
tially, V(t)¼V0(1� e�t/a) with V0¼ 3 V and time constant a¼ 0.1,
0.2,0.5,1.0, and2.0 fs, respectively.Thecurrents through thesystem
with the applied bias voltages having different a are represented by
different line types.
The bias voltage is turned on exponentially at t¼ 0 with a
time constant a, according to V(t)¼V0(1� e�t/a). Figure 3
depicts the transient currents for the benzene molecule at
different values of a with V0¼ 3 V. Although the establish-
ments of the steady state follow different traces in different
cases, they all reach to the same final steady state current. We
have also applied a sinusoidal bias voltage across the system
with a period of 2 fs. The time-dependent voltage and the
corresponding electric current response are plotted in Fig. 4.
The current from left electrode and that from right electrode
are the same, in other words, the magnitude of the current
entering and leaving the system are the same. The transient
current obtained from Eq. (6) contains contribution from
particle current only. Since the system has central inversion
symmetry, there should be minimal charge accumulation or
depletion in the system. The contribution from displacement
Figure 4 (online color at: www.pss-b.com) Transient current
(open circles and squares) and applied bias voltage (solid line) for
the C–benzene–C system. The bias voltage is sinusoidal with a
period of 2 fs. The open circles are representing current from the
left electrode, while the open squares are representing that from
the right electrode.

www.pss-b.com
current is thus negligible. The current establishes starting
from the first cycle, and soon after that, the current reaches its
quasi-steady state at the second cycle. Upon the quasi-steady
state, it is observed that there is a constant phase difference
between the bias voltage and the current response. From
the figure, we can estimate that the bias voltage is ahead of
the current by about 50.48. This indicates that the system is
overall inductive.

Figure 5a depicts the dynamic admittance of the C–
benzene–C system in linear regime. Due to symmetry, the
admittance element Gab(v) (for a, b¼L, R) satisfies
GLL¼�GLR ¼�GRL¼GRR¼G(v) [32–34]. The dynamic
admittance is obtained by G(v)¼ I(v)/V(v), where I(v) and
V(v) are obtained by Fourier transformation of I(t) and V(t),
respectively. In the linear response regime, the dynamic
admittance of a system should remain the same regardless of
the type of bias voltage. This is confirmed by our numerical
results. As shown in Fig. 5a, the system gives the same
dynamic admittance for both exponential and sinusoidal
time-dependent applied bias voltage. The response in
nonlinear regime is more complex, and the discussion on
model system has been covered elsewhere [35].

According to the above results and analysis, and our
previous work [35–37], our system can be modeled by a
simple classical circuit, with a resistor and an inductor
connecting in series, in parallel with a resistor and a capacitor
Figure 5 (a)Dynamicadmittanceof theC–benzene–Csystem.The
data calculated with an exponential bias voltage, V(t)¼V0(1� e�t)
and a sinusoidal bias voltage, V(t)¼V0/2[1� cos (pt)] are repre-
sented by open circles and open squares, respectively. The solid lines
show the result fitted by the classical equivalent circuit. The upper
curves and the lower curves are the real and imaginary part of the
admittance, respectively. (b) The equivalent classical electric circuit
of our system. The fitted values of L, RL, C, and RC are 7.56 pH,
17.5 kV, 0.509 zF, and 12.9 kV, respectively.

� 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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connecting in series, see Fig. 5b. RL is the steady state
resistance, which is calculated to be 17.5 kV. The charge
relaxation resistance RC ¼ h/2e2 is independent of trans-
mission details [38]. The dynamic admittance of a R–L R–C
circuit under an AC bias voltage of frequency v can be
expressed as G(v)¼ 1/(RCþ 1/ivC)�1þ (RLþ ivL)�1.
Based on this expression, we can calculate the value of L
by fitting the calculated dynamic admittance. The resulting
values of L andC are 7.56 pH and 0.509 zF, respectively. The
kinetic inductance L is proportional to the dwell time, td, of
electrons inside the device, L� tdh/e2 where td� l/vF with l
being the length of the device and vF being the Fermi velocity
of the electrons [39]. The C–benzene–C system form a
p-conjugate system across the whole device and the charge
accumulation at the interfaces is thus small, leading to a very
small C value. From the results, the studied system has very
small value of L and C, hence the switching time of this
nanoscale device is ultra-short.

The steady state obtained from our Liouville–von
Neumann equation is compared with the conventional
DFT-NEGF approach. The asymptotic values of the transient
currents are extracted and compared to the static DFT results
using the same WBL approximation for the leads. Figure 6a
shows the I–V characteristics of the system in linear response
Figure 6 (online color at: www.pss-b.com) I–V curves of the C–
benzene–C system at (a) low bias and (b) high bias regime. The
results of TDDFT calculations are represented by the green lines and
the static DFT-NEGF results by are represented by the black lines.

� 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
regime with covered bias voltage ranging from 0 to 1 mV. It
is clearly shown that the steady state current from both
approaches yields identical results. This supports the earlier
analytical arguments on the equivalence of static and
dynamic local DFT approaches in linear response regime
[40, 41]. Figure 6b shows the I–V curves of another set of
simulations that the covered bias voltage was extended to 5 V
in which the bias window contains one or more of the energy
levels. Clearly, the WBL approximation breaks down in
this situation, but the comparison of static and dynamic
calculations is still meaningful since they are performed
under exactly the same boundary conditions. The results in
Fig. 6b show clearly that the static DFT-NEGF calculation
yields the same results as the TDDFT approach over the
whole bias range including the region of resonant trans-
mission. This confirms our recent results on carbon chain and
benzenediol systems [42].

Quantum transport has also been studied using
Liouville–von Neumann equation with Markovian approxi-
mation [43–45] and periodic boundary conditions [45].
While these methods apply to simple models, such as double
barrier model structures or effective mass model, we presents
in this work a first-principles Liouville–von Neumann
equation for realistic systems with the use of AWBL
approximation. In addition, the TDDFT-NEGF-HEOM has
been developed which goes beyond the AWBL approxi-
mation and is in principle rigorous within the Runge–Gross
formalism.

4 Summary The first-principles Liouville–von
Neumann equation for open systems is presented, which
includes all electrons and full atomistic details for both
the electrodes and the nanoscopic device. We have also
provided a numerical tractable approximation scheme for
our formalism so that realistic simulation can be carried
out. In order to show the applicability, we have performed
simulations on a model two-terminal molecular device
using our formalism. Transient currents through the device
with different applied voltages were calculated. Dynamic
electric response was investigated. For this system, we found
that such dynamic response can be precisely mapped onto a
very simple equivalent classical circuit, which agrees with
our early finding on equivalent electric circuit [36, 37].
We have also compared the results from time dependent
calculations and that from static calculations, and we
have confirmed the consistency between these two kinds of
calculations.

Our formalism gives a comprehensive approach for
theoretical study of nanoelectronic devices, detailed
temporal evolution and spatial distribution of the system
can be obtained. This provides important guidelines for
designing of emerging electronics in future.
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